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1. Three ways to define the quantum group Uℏpgq

Imagine you had forgotten everything you knew, even the most basic noncommutative algebra in
quantum mechanics

A “ Crrℏssxx, py
L

pxp ´ px “ ℏq.

How would you reconstruct it?

First, the generators and relations definition as above. Second, we could start with

A0 “ A{ℏ “ Crx, ps » OpT ˚Cq

where a shadow of the product on A is remembered through the symplectic structure tx, pu “ 1 on
T ˚C, and try to “exponentiate" this to a product onA itself, with

x ¨ p “ xp ` a1ℏ ` a2ℏ2 ` ¨ ¨ ¨

such that r , s “ ℏt , u ` b2ℏ2 ` ¨ ¨ ¨ .

Kontsevich and Tamarkin worked out a more canonical way to view this:

Theorem. (Kontsevich–Tamarkin, [Ko03; Ta03]) For any commutative algebraA0, the space of itsCrrℏss-
deformations as an associative algebra is isomorphic to the space of Poisson brackets on A0 modulo the action
of Gt , u “ Autt , upA0rrℏssq:

A0

SpecCrrℏss

A γpΦq
» PoispA0rrℏssq{G

Moreover, the choice of isomorphism γpΦq is given by a choice of Drinfeld associatorΦ P GRT1 Ď Upf2qb3.

Third, Kontsevich gives an explicit formula

x ¨ p “
ÿ

Γ

mΓpx, pq

as a sum over Feynman diagrams Γ.

1.0.1. Motivation from physics. Let T0 be a quantum field theory. What is the space of deformations of
T? The above is for one-dimensional TQFTs with algebra of operators T0pS

0q “ A0. For quantum
groups we are going to be interested in three-dimensional TQFTs, where we study the deformation of
the braided monoidal category T0pS1q “ Upgq-Mod, which is braided monoidal for formal reasons.



6 ALEXEI LATYNTSEV

DeformA0 as an algebra Deform Upgq-Mod as a braided monoidal category Deforming T
Poisson form t , u Poisson bracket r

g P G “ Autt , upA0rrℏssq Drinfeld twists F P Upgq b Upgqrrℏss

AssociatorΦ P GRT1 Ď Upf2qb3 ?
Kontsevich formality Drinfeld’s Theorem
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1.1. Semisimple Lie algebras.

1.1.1. Letgbe a finite dimensional semisimple Lie algebra overC, and t Ď g amaximal Lie subalgebra
with trivial bracket.1 It follows that g splits up into t-eigenspaces

g “
à

αPΛ

gα

where the root latticeΛ Ď t_ is generated by the α’s with gα ‰ 0 (the roots). By maximality g0 “ t, and
by the Jacobi identity

rgα, gβs Ď gα`β.

t gαgα

Choose a stability function z : Λ Ñ C, so pulling back the upper half plane splits up g “ n´ ‘ t‘n`,
giving a notion of positive and negative roots. A positive root is simple if it is not the sum of two positive
roots.

Let α1, . . . , αr be the simple positive roots.

Theorem 1.1.2. (Killing) A finite-dimensional complex Lie algebra g is semisimple if and only if the Killing
form

κ : g ˆ g Ñ C px, yq ÞÑ trg prx, ry,´ssq

is nondegenerate. In that case, κ is the unique (up to scalar) symmetric bilinear form invariant under the action
of g, i.e. Sym2pg_qg » C ¨ κ.

As applying rgα,´s enough times is the zero operation unless α “ 0, this implies for semisimple
Lie algebras that the only nonzero parts of the Killing form are

κ : gα ˆ g´α Ñ C.

In particular, it restricts to a nondegenerate pairing on t.

1For general g the definition of maximal torus is different.
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Theorem 1.1.3. (Chevalley) Apart from g0 “ t, each nonzero gα “ C ¨ eα is one-dimensional, and g has
generators and relations definition

g “ xei, hi, fiy
L

$

’

&

’

%

rhi, hjs “ 0 rhi, ejs “ aijej rhi, fjs “ ´aijfj

rei,´s1´aijpejq “ 0 rei, fjs “ δijhi

rfi,´s1´aijpfjq “ 0

,

/

.

/

-

where ei “ eαi
, fi “ e´αi

, and hi “ 2
κpαi,αiq

κpαi,´q are the dual basis to the simple roots with respect to
the Killing form, and aij are integers.2

We represent the Cartan matrix a “ paijq visually using Dynkin diagrams, e.g.
ˆ

2 ´1 0 0
´1 2 ´1 0
0 ´1 2 ´1
0 0 ´1 2

˙

sl5
2 ´1 2 ´1 2 ´1 2

1.1.4. Remark. In theADE case there is aCY3 categoryCpgq “ DbpCohT pK
ĆC2{Γ

qqwithGrothendieck
group Λ, Euler form κ, and elements with class αi given by Ocurve whose Euler is form given by inter-
section pairing.

K
ĆC2{Γ

z is meant to come from a Bridgeland stability condition.

1.2. Explicit definition of Uℏpgq.

1.2.1. Let g be a finite dimensional semisimple Lie algebra overC. TheDrinfeld–Jimbo quantum group
Uℏpgq is the algebra overCrrℏss generated by elements ei, fi, hi indexed by positive simple roots iwith
relations the same as in Upgq except for

rei, fjs “ δijhi ù rei, fjs “ δij
qhii ´ q´hi

i

qi ´ q´1
i

“ δij

ˆ

hi ` ℏ2
κpαi, αiq

2

48
ph3i ´ hiq ` ¨ ¨ ¨

˙

where qi “ e
pαi,αiq

2
ℏ.

Proposition1.2.2. Ifg is semisimple, this deformation is trivial: Uℏpgq » Upgqrrℏss as associative algebras.

Proof Sketch. Given a product

m : Upgq b Upgq Ñ Upgqrrℏss

2Here, 1 ´ aii “ 0.
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given bym “ m0 `m1ℏ `m2ℏ2 ` ¨ ¨ ¨ , the associativity condition implies thatm1 defines a class in

HH2
pUpgqq “ Ext2Upgq-BiModpUpgq, Upgqq Ď HomUpgq-BiModpUpgq b Upgq, Upgqq

and HH2pUpgqq “ 0 for semisimple g (this is the hard part). Thus we can conjugate m by a formal
automorphism to killm1. Iterating this process kills allmi for i ě 1, som is conjugate tom0. l

The interesting thing is the coproduct and invertibleR-matrix on A “ Uℏpgq, which we write using
strings:

A

A

A

A

A

A

∆ : Uℏpgq Ñ Uℏpgq bℏ Uℏpgqm

R P Uℏpgq bℏ Uℏpgq

A

AA A

ϵ : A Ñ C1 : C Ñ A

where diagrams are read left to right, and parallel strings correspond to tensor products of A’s. They
are defined by

∆ : pei, hi, fiq ÞÑ
`

ei b 1 ` qhii b ei, hi b 1 ` 1 b hi, fi b q´hi
i ` 1 b fi

˘

,

and

R “ R0
¨

ñl

αPΛ`

Rα,

is a product over positive roots of (quantum) exponentials

Rα
“ expqα

ˆ

qα ´ q´1
α

aα
eα b e´α

˙

, R0
“ exp

´

ℏ
ÿ

pa´1
qijhi b hj

¯

,

where aα is the factor appearing in reα, e´αs “ aα
qhα´q´hα

qα´q´1
α

(which one can show always exists). We
take the product in the order of increasing argument of zpαq.3

Definition 1.2.3. A quasitriangular (quasi)bialgebra

pA,m, 1,∆, ϵ, R, pΦqq

is a vector space A with the structure of an associative algebra pm, 1q, a (Φ-)coassociative coalgebra
p∆, ϵq, an invertible elementR P A b A (and an invertible elementΦ P A b A b A) satisfying

∆pabq “ ∆paq∆pbq, R ¨ ∆paq ¨ R´1
“ ∆op

paq,

3By [KT91, Thm. 8.1] we may take any total order on Λ` so long as if α “ α1 ` α2 then α lies between α1, α2 in the
total order.
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the hexagon relations

p∆ b idqpRq “ R13R12, pid b ∆qpRq “ R13R23

and∆p1q “ 1b1, ϵ ¨m “ ϵb ϵ. Here∆op “ σ ¨∆ is the opposite coproduct andRij meansR placed
in the i and j tensor factors.

(In the quasibialgebra casewe also require the pentagon relationsΦ1,2,34Φ12,3,4 “ Φ2,3,4Φ1,23,4Φ1,2,3

and counit p1 b ϵ b 1qΦ “ 1 b 1 relations,Φ-coassociativity of the coproduct

Φp∆ b idq∆paqΦ´1
“ pid b ∆q∆paq

and theΦ-hexagon relations

pid b ∆qpRq “ Φ´1
231R13Φ213R23Φ

´1
123, p∆ b idqpRq “ Φ´1

312R13Φ132R12Φ123.) (1)

Proposition 1.2.4. (Drinfeld, Jimbo, [KT91]) The above makes Uℏpgq into a quasitriangular bialgebra.

Proof Sketch. To show that∆ defines a bialgebra, we need to check that it kills relations. For instance,
writingKi “ qhi ,

∆ prei, fjsq “ ∆peiq∆pfjq ´ ∆pfjq∆peiq

“ pei b 1 ` Ki b eiqpfj b K´1
j ` 1 b fjq ´ pfj b K´1

j ` 1 b fjqpei b 1 ` Ki b eiq

“ rei, fjs b K´1
j ` ptwo cross terms, which cancelq ` Ki b rei, fjs

“ δij
Ki ´ K´1

i

qi ´ q´1
i

b K´1
i ` δijKi b

Ki ´ K´1
i

qi ´ q´1
i

“ δij
Ki b Ki ´ K´1

i b K´1
i

qi ´ q´1
i

“ δij
q∆phiq ´ q´∆phiq

qi ´ q´1
i

“ ∆

ˆ

δij
qhi ´ q´hi

qi ´ q´1
i

˙

.

The hexagon relations follow from the fact that if xy “ qyx, then

expqpx ` yq “ expqpxq expqpyq.

For instance, since qhαeα “ qαeαq
hα , we have for α a simple positive root that

p∆ b idqpRα
q “ expqα

ˆ

qα ´ q´1
´α

aα
∆peαq b e´α

˙

“ expqα

ˆ

qα ´ q´1
´α

aα
peα b 1 ` qhαα b eαq b e´α

˙

“ expqα

ˆ

qα ´ q´1
´α

aα
peα b 1 b e´αq

˙

expqα

ˆ

qα ´ q´1
´α

aα
pqhαα b eα b e´αq

˙
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“ Rα
13pR0

13R
α
23pR

0
q

´1
13 q

where the last equality follows sinceR0p1 b e´βqpR0q´1 “ qhβ b eβ for any positive root β. We can
prove the above for every positive root α, which one can show implies the hexagon relations.

l

1.2.5. Structure on Uℏpgq-LMod. A braided monoidal category with fibre functor is a C-linear category C
is the data of functors and natural isomorphism

bC : C ˆ C Ñ CC

C ˆ C C

bC

b
op
C

β„

1C : Vect Ñ CF : C Ñ Vect

as well as associativity isomorphism data

αc,c1,c2 : pc1
bC c

2
q bC c

3
» c1

bC pc2
bC c

3
q

C ˆ C ˆ C C

bC¨pbCˆidq

bC¨pidˆbCq

α„

and the following relations: a pentagon compatibility relation for products of four objects

‚

‚ ‚

‚ ‚

„
„

„

„

„

and the relations that (suppressing associator isomorphisms)

βcbCc1,c2 “ βc,c2βc1,c2 , βc,c1bCc2 “ βc,c2βc,c2 (2)

which are called the hexagon relations since (including the associator isomorphisms) they have the
shape

‚ ‚

‚ ‚

‚ ‚

„

„
„

„

„

„
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and compatibility with the unit 1C and fibre functor F isomorphisms

Jc,c1 : F pc bC c
1
q » F pcq bC F pc1

q, 1C bC c
uL
» c

uR
» c bC 1C,

both compatible with the associator in the obvious way, and uL, uR compatible with the braiding β.

1.2.6. Warning. Note that this means F is a monoidal functor but not braided monoidal: F pβq is
definitely not the usual braiding on Vect, this is the interesting part of the structure.

Proposition 1.2.7. If we assume all categories C are C-linear cocomplete and the fibre functor F is cocon-
tinuous, we get a bijection4

tquasitriangular quasibialgebrasAu » tbraided monoidal categories C with a fibre functoru

A ÞÑ A-LMod.

Proof. Given any category Cwith functor F to Vect, we letA “ EndF be the natural endomorphisms
of F , which is an algebra with respect to composition. The conditions on C are sufficient that the
tautological map

C Ñ EndF -LModpVectq,

which always exists, is an equivalence by Barr–Beck. The other structures onA “ EndF are induced
as follows:

‚ As C is monoidal,AbA has anA-module structure, and so we get∆ : A Ñ AbA by acting
on 1 b 1. The associatorΦ is the image of 1 b 1 b 1 under

αA,A,A : pA b Aq b A
„
Ñ A b pA b Aq.

‚ As C is braided monoidal, we get an equivalence

βA,A : A b A
„
Ñ A b A,

andR is the image of the identity under this equivalence. The hexagon relations (2) forβ induce
the hexagon relations (1) for R. The A-linearity of β implies the relation R ¨ ∆paq ¨ R´1 “

∆oppaq.

‚ 1C induces the counit.

l

Corollary 1.2.8. Uℏpgq-LMod is a braided monoidal category.

4In general, we just get an adjunction between the categories whose objects are on the left and right.
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1.2.9. Remark: a geometric definition. A braided monoidal category C is equivalent to a monoidal cate-
gory with two monoidal structures b,b which are compatible:

pA b Bq b pC b Dq » pA b Cq b pB b Dq

The same as two coproducts

1.2.10. Construction via doubling.



14 ALEXEI LATYNTSEV

Interlude: monodromy, exodromy and the Riemann–Hilbert correspondence

Recall that a connection on a vector bundle on smooth scheme or complexmanifoldX is amap of vector
bundles, or equivalently ofO-modules,

∇ : TX bC V Ñ V ô ∇ : TX bO V Ñ V ô ∇ : V Ñ V bO Ω1
X

satisfying the Leibniz rule ∇pfvq “ f∇pvq ` df b v. A connection is flat if ∇2 “ 0 as a map
TX b TX b V Ñ V .

Two connections are equivalent if there is an isomorphismof vector bundlesφ : V » V1 intertwining
the connections:

V V bO Ω1
X

V1 V1 bO Ω1
X

∇

„

φ „

φbid`φ´1dφ
∇1

For instance, if V “ W b O then a connection is the same thing as a glpW q-valued 1-formA, where
∇ “ d ` A, and a gauge transformation is the same thing as a GLpW q-valued function g, acting on
the connection byA ÞÑ gAg´1 ` gdg´1. Flatness is equivalent to dA ` A ^ A “ 0.

1.2.11. Ameromorphic connection on a vector bundleV is a map∇ as above defined on an open dense
subscheme, for instance

∇ : V Ñ V bO Ω1
XpDq

for some divisorD.

1.2.12. These are all examples of D-module. A D-module is a sheafM ofOX-modules with an action

∇ : TX bO M Ñ M

of the sheaf of Lie algebras TX (which is equivalent to flatness) satisfying Liebniz. The above are both
examples of D-modules.

1.2.13. Local systems. A local system L is a sheaf of C-vector spaces such that there is an open cover
tUiu ofX such thatL|Ui

» Wi is the trivial local system on finite dimensional vector spaceWi.

The data ofL is equivalent to its monodromy, a functor

Π1pXq Ñ Vect

sending a point x P X to the stalk Lx and a path γ : x Ñ y to the parallel transportmap Lx » Ly . If
X is connected this is the same thing as a homomorphism

Π1pX, xq Ñ GLpLxq.

Proposition 1.2.14. (Riemann–Hilbert equivalence, easy case) Let X be a smooth complex manifold.
There is an equivalence of categories

tlocal systems onXu » tvector bundles with flat connections onXu
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L ÞÑ L bC OX

V∇
Ð [ pV,∇q

1.2.15. Local systems and monodromy.

1.2.16. Constructible sheaves.

1.2.17. Six functors. Rf˚ and Lf!; define their adjoints.

1.2.18. Exodromy.

1.2.19. Vector bundles with meromorphic connection.

1.2.20. D-modules.

1.2.21. Riemann–Hilbert correspondence.
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Interlude: cobar complex

1.2.22. IfA is a coalgebra, and L,R are left and right comodules, the cobar complexΩpR,A, Lq

R

R

R

L

L

L

A

A A

is the complex onR b Abn b L with differential given by

dprba1b¨ ¨ ¨banblq “ ∆prqba1b¨ ¨ ¨banbl´ rb∆pa1qba2b¨ ¨ ¨banbl` ¨ ¨ ¨ ˘ rba1b¨ ¨ ¨banb∆plq.

Note thatA „
Ñ ΩpA,A,Aq gives a resolution ofA as aA bicomodule:

A

A

A

A

A

A

A

A

A A

That resolution is cofree, therefore injective, and so we have the Hochschild cochain complex

HC‚
pAq “ LHomA-BiCoModpA,Aq » HomA-BiCoModpA,ΩpA,A,Aqq.

IfA “ SympV q then

HH‚
pAq » SympV q b SympV r´1sq.

IfA is a “smooth" coalgebra, then the HKR Theorem says that HH‚pAq »
Ź

‚

ACoDerpA,Aqwhere the
right hand side is also SymApCoDerpA,Aqr´1sq.

1.2.23. IfA is given a comodule k Ñ A, we will instead be considering the complex

Ωpk,A, kq » k b
_
A ΩpA,A, kq “ k b

R_
A k

giving a free resolution of k as a leftA-comodule.
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k

k

k

k

k

k

A

A A

given by e cohomology of the co-Hochschild complex for a coalgebraA

Cn
pAq “ pAbn, dq,

dpa1 b ¨ ¨ ¨ b anq “ 1 b a1 b ¨ ¨ ¨ b an

`

n
ÿ

i“1

p´1q
ia1 b ¨ ¨ ¨ b ∆paiq b ¨ ¨ ¨ b an

` p´1q
n`1a1 b ¨ ¨ ¨ b an b 1,

Lemma 1.2.24. When A “ SymV , the cohomology of C‚pAq is

k, V, ^
2V, ^

3V, . . .

the maps induced by ^nV Ñ Abn and with inverse defined on boundaries given by the alternating sum.

Proof. l

Thus, we get a canonical element of ^ng for each cohomology class in HnpC‚pUpgqqq!

1.2.25. We consider the swap involution

σ : a1 b ¨ ¨ ¨ b an ÞÑ p´1q
npn`1q

2 an b ¨ ¨ ¨ b a1

Lemma 1.2.26. The subspace ofΩpk,A, kq´ of σ-antiinvariant elements is a subcomplex, with cohomology

0, g, 0, ^
3g, . . .

Moreover, if a coboundary here is g-invariant, it is the coboundary of a g-invariant element. is additionally a
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2. Drinfeld’s Theorem: constructing Uℏpgq using differential equations and deformation theory

Let g be a finite dimensional semisimple Lie algebra over a field k of characteristic zero. We now study
krrℏss-deformations of Upgq as a quasitriangular quasibialgebra, up to a notion of twist equivalence.
This captures the deformations up to equivalence of RepUpgq as a braided monoidal category with
fibre functor.

The headline result is that the deformation theory is close to being rigid, i.e. the deformations are
more or less unique up to equivalence. See [Va95; SV91a; SV91b] for other (more geometric) proofs of
the Drinfeld–Kohno Theorem.

Theorem 2.0.1. [Dr90; Dr89] Let t be any g-invariant element of Sym2g.

(1) There is a deformation over krrℏss, moreover there is one of the form

R “ 1 b 1 ` ℏt{2 ` Opℏ2q, Φ “ 1 b 1 b 1 ` Opℏ2q

and∆ “ ∆0. There are g-invariant k-valued power series in variable τ

Rkpτq “ 1 b 1 ` τ{2 ` Opτ 2q, Φkpτq :“ Φkpτ12, τ23q “ 1 b 1 b 1 ` Opτ 2q,

the first symmetric, such that specialising τ “ ℏt for any t gives a k-deformation. We call such a pair
a universal k-deformation.

(2) There is a universal C-deformation with ∆ “ ∆0, and RKZ “ exppℏt{2q and ΦKZ both given by
the exodromy of the KZ equations:

(3) Every universal k-deformation is of the form

Rkpτq “ exppfpτq{2q

where fpτq “ τ ` Opτ 2q is a k-valued power series in τ .

Uniqueness (i.e. rigidity) results:

(4) Every deformation is twist-equivalent to one of the form

pUpgℏqrrℏss, ∆0, exppℏt{2q, Φq

which we call standard. Here gℏ is a deformation of g as a Lie algebra.

(5) Any deformation pA,∆0, R,Φq is equivalent by a twist F P pSym2gqgrrℏss to

pRQpℏθq,ΦQpℏθqq

for a unique θ P pUpgqbUpgqqrrℏss. The twist is unique up to multiplication by pu´1 bu´1q∆puq

for a unique u P 1 ` grrℏss.

Stronger still, any such deformation is equivalent by a twistF P pSym2gqgrrℏss to a unique universal
deformation

pexppℏθ{2q,Φkpℏθqq



TOPICS IN GEOMETRIC REPRESENTATION THEORY AND ENUMERATIVE GEOMETRY 19

where now θ P pSym2gqg (no ℏ!) and F is unique as before.

(6) Any two k-universal deformationsRipτq,Φipτq are twist-equivalent after a change of power series

F pτq : pR1pτq,Φ1pτqq ÞÑ pR2pfpτqq,Φ2pfpτqqq

where the k-power series fpτq “ τ ` Opτ 2q and F pτq are unique and unique up to multiplication
by pu´1 b u´1q∆puq, respectively.

We prove (1) in §2.1, then (6) in §2.3, (2) in §2.4, and (4) in §2.5.

We will not prove:

(1) There is a universal standard deformation of the form

ΦKZpℏΩq “ exp pPKZpℏΩ12, ℏΩ23qq P QxxℏΩ12, ℏΩ23yy,

where PKZ is an element in the free completed Lie algebra on two generators.

(2) ΦKZpℏΩq is unique up to an element F pℏΩq P QxxℏΩyy.

(3) GT action? zeta functions?

2.1. Universal deformations.

2.1.1. We construct aQ-universal deformation, which proves all of (1) simultaneously. To do this, we
construct truncationsRnpτq,Φnpτq of the power series modulo ℏn, and use Hochschild cohomology
computations to construct the next term of the power series:

Φn`1 “ Φn ` ℏnφ, Rn`1 “ Rn ` ℏnr

where φ, r are g-invariant, r is symmetric and φ is antisymmetric, and both are defined as aQ-linear
word in lower order terms and τ .

Consider the failure of the pentagon relation

Φn,1,2,34Φn,12,3,4 “ Φn,2,3,4Φn,1,23,4Φn,1,2,3 ` ℏnµ mod ℏn`1 (3)

and failure of the hexagon relation (from which failure of the other hexagon relation may be read off)

p∆ b idqRn “ Φ312
n R13

n pΦ132
n q

´1R23
n Φn ` ℏnν mod ℏn`1 (4)

where µ P Upgqb4 and ν P Upgqb3.

Lemma 2.1.2. Viewed as an element of the n “ 4 part of the cobar complex

Ωpk,A, kq “ pAbn, dq

we have that dµ “ 0. Likewise, viewed as an element of n “ 2 part of the complex

Ωpk,A, kq “ pAbn, dq b A,

and assuming we have already constructed Φ, dν “ 0.
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Proof. We take a sumof (3) over all six pentagons in the associahedhedronK5whose points correspond
to possible bracketings of a five-letter word,

to give that

µ1,2,3,4 ´ µ1,2,34,5 ` µ12,3,4,5 “ µ2,3,4,5 ´ µ1,23,4,5 ` µ1,2,3,45

which is exactly dµ “ 0.

Likewise, ifΦ is constructed, we useΦ-coassociativity of∆ to give that

Φ1,2,3
p∆ b id b idqp∆ b idqpRnq “ pid b ∆ b idqp∆ b idqpRnqΦ1,2,3

and inserting (4) in place of p∆ b idqpRnq gives that modulo ℏn`1,

Φ1,2,3
p∆ b id b idq

`

Φ312R13
n pΦ132

q
´1R23

n Φ ` ℏnν
˘

“ pid b ∆ b idq
`

Φ312R13
n pΦ132

q
´1R23

n Φ ` ℏnν
˘

Φ1,2,3

gives ν12,3,4, ν1,23,4 in the below, and applying (4) in place of p∆b idqpRnq in the 123 and the 234 com-
ponents again to give ν123, ν234, we can rearrange (using the pentagon relation and quasitriangularity
ofRn) to give that modulo ℏn`1,

dν “ ν234 ´ ν12,3,4 ` ν1,23,4 ´ ν124 “ 0.

n.b. I expect this is interpretable in terms of another polytope, e.g. the cyclohedronW4 whose points corre-
spond to possible bracketings of a four-letter word up to cyclic rotation, but I haven’t checked this:
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?

l

Lemma 2.1.3. There is a skew-symmetric element φ of degree n “ 3 such that

dφ “ φ2,3,4 ´ φ12,3,4 ` φ1,23,4 ´ φ1,2,34 ` φ1,2,3 “ µ

and, assuming Φ is constructed, there is a symmetric element r of degree n “ 2 such that

dr “ r13 ´ r12,3 ` r23 “ ν ´ 3φ.

Proof. Note that these equalities are the leading order terms of (3) and (4) respectively.

We prove the above by applying Lemma 1.2.26, firstly to the σ-antisymmetric element µ in degree
n “ 4:

σ2341 ¨ µ “ ´µ “ ´p´1q
npn`1q

2 µ,

then to the σ-antisymmetrisation of ν , which is

ν “ ν ` σ21 ¨ ν “ ν ` ν213.

By Lemma 1.2.26, both are cocycles and hence coboundaries of elements φ and r of degree n “ 3 and
n “ 2 respectively. By examining (4) one can show that ν ´ ν213 “ 6φ, giving the second equality.
This also shows that not just that φ “ ´φ312, but φ P

Ź3 Upgq; moreover φ is g-invariant since µ is.

It remains to show that r may be taken to be g-invariant and symmetric.

l

At this point, we have constructed Φn`1 and, assuming that Φ is constructed, Rn`1, satisfying the
pentagon and hexagon relations. The other relations are easier.

We want
pid b ϵ b idqpΦq “ 1, Φ´1

“ Φ312

as well as
pϵ b idqpRq “ 1, pid b ϵqpRq “ 1,
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as well asΦ-coassociativity andR-quasitriangularity of∆. prove this?

This constructs aQ-universal deformation, and thus proves (1) and (2) of Theorem 2.0.1.

2.2. Twists.

2.2.1. Twists. Wenote that two braidedmonoidal categories with fibre functors are equivalent if there
is an equivalence of categories fitting into a commutative diagram

C C1

Vect
F

„

γ

F 1
(5)

with a natural transformations

JV,V 1 : γpV b V 1
q

„
Ñ γpV q b

1 γpV 1
q (6)

such that J 1
γpV q,γpV 1q

¨ F 1pJV,V 1q “ JV,V 1 as natural transformations, which respects associators and
braidings

γ ppV1 b V2q b V3q pγpV1q b γpV2qq b γpV3q γpV1 b V2q γpV1q b1 γpV2q

γ pV1 b pV2 b V3qq γpV1q b pγpV2q b γpV3qq γpV2 b V1q γpV2q b1 γpV1q

J1,2J12,3

„

γpαV1,V2,V3
q

„ „ α1
γpV1q,γpV2q,γpV3q

„

γpβV1,V2 q

J

„

„ β1
γpV1q,γpV2q

J1,23J2,3

„

J

„

as well a unit isomorphism γp1q » 1 satisfying various compatibilities, such that under this identifi-
cation J1,V 1 and JV,1 are the identity.

Definition 2.2.2. If A is an algebra, its group GA of twists are the invertible elements of F P A b A

satisfying the counit conditions pϵ b idqF “ pid b ϵqF “ 1.

Proposition 2.2.3. GA acts on the set of quasitriangular quasibialgebra structures on A by

F ¨ pA,∆,Φ, Rq “ pA, F´1∆F, F´1
2,3F

´1
1,23ΦF1,23F2,3, F

´1
21 RF q.

We need some extra conditions so that the RHS actually defines a braided monoidal category with fibre
functor

Since the right hand side arises from a braided monoidal category with fibre functor, the right hand
side defines a quasitriangular quasibialgebra structure on A by Proposition 1.2.7. See [ES, §13.3.3.
§14.2.1] for an interpretation in terms of nonabelian cohomology.

Proposition 2.2.4. A-Mod and A1-Mod are equivalent as braided monoidal categories with fibre functors
if and only if A » A1 as algebras and A1 is a twist of A.
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Proof. The commutative diagram (5) implies that A » A1 as algebras, and we will identify them from
now on. We now set

F “ JA,A ¨ 1 b 1.

Since the map JV,V 1 is a map ofA-modules, this implies

γpV1 b V2q γpV1q b1 γpV2q

γpV1 b V2q γpV1q b1 γpV2q

JV1,V2
„

∆paq¨ ∆1paq¨
JV1,V2

„

commutes. Together with the above two commuting diagrams, this shows thatA1 “ F ¨ A. l

The main example is if R “ R0 ¨
ñd
αPΛ` Rα, then the product F “

ñd
αPS R

α over any sector S of
the complex plane gives a twist. find reference and make precise

2.3. Uniqueness of deformations.

2.3.1. We prove the first part of (5), whose proof also works for (6). To begin with, by twisting we
may assume that R is symmetric. Indeed, writing out the condition that F 1RF 1´1 be symmetric, we

may use any F 1 “ F0

b

R
?
R21R

´1
where F0 is symmetric works.

We prove (5) by constructing the truncations

Fn, , Rpθnq, Φpθnq

twistF P pUpgqbUpgqqrrℏss and element θ term-by-term (n.b. Φp´q andRp´q are invertible power
series so the above determines θn), as in the proof of (1). It boils down to showing that

Lemma 2.3.2. If pΦi, Riq are two deformations withRi symmetric, which both agree modulo ℏn, and

Φ1 ´ Φ2 “ φℏn mod ℏn`1, R1 ´ R2 “ rℏn mod ℏn`1,

then we have that

φ “ f 23
´ p∆ b idqpfq ` pid b ∆qpfq ´ f 12

where f is a symmetric element in pUpgq b Upgqqg with pϵ b idqf “ pid b ϵqf “ 0, and unique up to
addition by v b 1 ´ ∆pvq ` 1 b v where v is an element of the centre Upgqg with ϵpvq “ 0.

Proof. Similar. l

Using (3) we prove the second part of (5) similarly.

2.4. The KZ equations.
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2.4.1. Let g be a finite dimensional semisimple Lie algebra over C and t P pSym2gqg. For finite
dimensional representations V1, . . . , Vn we write

V “ V1 b ¨ ¨ ¨ b Vn b OCnrrℏss

for the trivial vector bundle on Cn.

Theorem 2.4.2. (Canonical definition of ∇KZ) There is a unique (up to isomorphism) meromorphic flat
connection∇KZ on V with such that:

(1) It is equivariant5 for the translation action Ga ˆ Cn Ñ Cn sending t ¨ pz1, . . . , znq “ pz1 `

t, . . . , zn ` tq, and for action of the symmetric groupSn.

(2) It has regular singularities along the diagonals∆ij “ tzi “ zju and is regular elsewhere.

(3) The exodromy along a path γ onto a point of∆jk avoiding the other diagonals is ℏJVj ,Vk : bVi
„
Ñ

bVi.

(4) The monodromy around∆jk clockwise is eℏ2tjk : bVi
„
Ñ bVi acting on the j and k tensor factors.

Proof Sketch. The KZ connection

∇KZ,i “ Bzi ` ℏ
ÿ

j‰i

tij
zi ´ zj

has these properties.

Conversely, because Cn is affine, any meromorphic connection on Cn takes the form ∇i “ Bzi `
ř

j Aijpz1, . . . , znq, or equivalently as a map

V Ñ V bO Ω1

given by d`
ř

i,j Aijpz1, . . . , zn, ℏqdzj . The second summand, let us refer to it asA, is a glpV q-valued
meromorphic section ofΩ1.

Note that we have by Saito and Arnold that

ΓpConfnC,Ω1
q “ Crzi, pzi ´ zjq

´1
s td logpzi ´ zjqu

where ConfnC “ Cn ∖ tzi “ zju is the ordered configuration space of n points in C. Thus by the
conditions on the singularities,A is an element of this vector space, such that:

‚ By translation equivariance,A is only a function of pzi ´ zjq
˘.

‚ BymonodromyandSn-equivariance, the constant coefficient in front ofd logpzi´zjq is˘ℏtij ,
the sign positive or negative whether i ą j or i ă j.

5Strongly equivariant in theD-module language.
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This shows that
∇i “ Bzi ` ℏ

ÿ

j‰i

tij
zi ´ zj

` Op1q

where the termOp1q is further constrained by the flatness condition. To finish, one needs to show that
up to equivalence of connections, one may kill theOp1q term.

l

This Theorem now implies (2) of Theorem 2.0.1. We can defineΦKZ andRKZ by means of exodromy
off the diagonals onto∆12 X ∆23, and around∆12, respectively: they are the ratios of the exodromy
on either side:

ΦKZ

J1,2

∆12

∆23

J1,23 J2,3

J12,3

∆12

J12

σpJ12q
R

σ

The pentagon and hexagon relation follow by building a contractible two-cell out of five and six face
two-cells corresponding toΦKZ andRKZ’s, which implies that the corresponding products ofΦKZ and
RKZ are trivial. The two-face is obvious to construct in the pentagon case by working inside the real
slice R4 Ď C4.

Explicitly, following [ES], for three points 0, z, 1 we consider

dF

dz
“ ℏ

ˆ

t12
z

`
t23
z ´ 1

˙

F

and consider the unique solutions of the form

F0pzq “ p1 ` zf0pzqqzℏt13 , F1pzq “ p1 ` p1 ´ zqf1p1 ´ zqqp1 ´ zq
ℏt23

for power series fi, then define ΦKZ “ F0pzq{F1pzq, which is a constant because both the above are
solutions to the KZ equations, and g-invariant because the equations are g-invariant. Similarly, we
defineRKZ “ eℏt{2 by considering the monodromy around z “ 0.

TheΦ-coassociativity of∆ follows from g-invariance, and the counit axiom since applying idbϵbid
to the right hand side of the above gives zero.

More interesting relations follow from three-cells. For the pentagon relation, let us consider the
four point KZ equations

dF

dz
“ ℏ

ˆ

t12
z

`
t23
z ´ u

`
t24
z ´ 1

˙

F
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dF

du
“ ℏ

ˆ

t13
u

`
t23
u ´ z

`
t34
u ´ 1

˙

F

We view the points 0zu1 as on a line, and the bracketing pp‚‚q‚q‚ corresponds to the solution

F pu, zq “ p1 ` fpu, zqqzℏt12uℏpt13`t23q

where f is analytic in u, z and vanishes at z “ u “ 0.

2.5. Standard form.

2.5.1. We now prove (3) using the KZ equations, which proves it for k “ C.

In general, if we have that

F pτq ¨ pexppτ{2q,Φpτqq “ pR1
pτ 1

q,Φ1
pτ 1

qq

as in (4), then it follows that

R1
pτ 1

q “ F pτq exppτ{2qF pτq
´1

“ exppτ{2q

By (6), we have that

2.5.2. Important will be a special class of deformations called standard:

A “
`

Upgqrrℏss,∆0, R “ eℏt{2,ΦKZ
˘

where t P g b g is symmetric and g-invariant, and∆0pxq “ xb 1 ` 1 b x is the trivial coproduct. A
universal k-deformation is one of the form

pUpgqrrℏss,∆0, RpℏΩq,ΦpℏΩqq (7)

withRpℏΩq “ 1 ` ℏΩ{2 ` Opℏ2q andΦpℏΩq “ 1 b 1 b 1 ` Opℏ2q power series in k.

2.5.3. We then note that the KZ equations give a universal C-deformation, and by what? the twist
equivalence with the universal rational deformation preserves the R-matrix and involves no power
series change in τ .
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pRKZpτKZq “ eℏΩ{2,ΦKZpτKZqq

pRpτKZq,ΦpτKZqq

pR1pτ 1q,Φ1q

C

Q

k

Fk FC

It follows that there is a universal standardQ-deformation, and therefore by (6) anyQ-deformation
is twist equivalent to a standard one.

2.6. Afterwords.

2.6.1. Relation to formality.

2.6.2. Fibre functor point of view. More generally, let g “ pg, δq be a Lie bialgebra

g

g

g

g

g

g

δ : g Ñ g b gr , s r P g b g

Corresponding to Manin triple
g “ g` ‘ g´

we have a decomposition as g-modules

Upgq “ pIndgg`
Cq b pIndgg´

Cq

which we write asM˘ » Upg˘q ¨ 1˘.

Theorem2.6.3. (Etingof–Kazhdan)Under ref equivalence, a standard bialgebraA corresponds to the braided
monoidal category

C “ pUpgqrrℏss-Mod,b0, σ ¨ RℏΩ{2,ΦKZ, JKZq
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and forgetful monoidal fibre functor (for the KZ associator on C and the trivial associators on Vectrrℏss!)

F : C Ñ pVectrrℏss,b0,Φ0q

V ÞÑ V “ HomUpgqrrℏsspUpgqrrℏss, V q “ HomgpUpgq, V qrrℏss

where the isomorphism exhibiting F as a monoidal functor

JV,W : F pV q b F pW q » F pV b W q

is induced by

M` b M´rrℏss
∆
Ñ pM` b M`q b pM´ b M´qrrℏss

ΦKZ
Ñ
„

pM` b pM` b M´qq b M´rrℏss

β23
Ñ pM` b pM´ b M`qq b M´rrℏss

ΦKZ
Ñ
„

pM` b M´q b pM` b M´qrrℏss

where ΦKZ denote appropriate compositions of associators.

2.6.4. Afterword: Physics and the Casimir–KZ equations.

2.6.5.

2.6.6. TheKZ–Casimir connection [AT24]. Leth Ď gdenote themaximal torus. For everyg-representations
V1, . . . , Vn, we have a connection on

treg ˆ hreg
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3. Nakajima quiver varieties

3.1. Motivation: the ADHM construction.

3.1.1. Let us consider two types of coherent sheaves

‚ Torsion: zero-dimensional coherent sheavesA on C2,

‚ Torsion free: coherent sheavesB on P2 with a framingB|P1 » O‘w at infinity.

In both cases, let v denote the second Chern class and in the second case letw denote the rank. Both’s
first chern classes vanish.

We understand the first using the vector space ΓpAq “ Cv , which is a module over the ring of
functions Crx, ys.

x y
Cv

x y

ji

Cv

Cw

The data ofB is more complicated. By a spectral sequence argument [Na99], B is the cohomology of
a complex

OP2p´1q b V

˜

z0j
z0B1´z1
z0B2´z2

¸

ãÑ OP2 b pW ‘ V ‘ V q
p z0i ´pz0B2´z2q z0B1´z1 q

↠ OP1p1q b V

for the vector spaces V “ H1pP2,Bp´2qq, andW ‘ V ‘ V “ H1pP2,B b T˚
P2q. The conditions on

the maps are rx, ys ` ij “ 0, and the stability condition that impiq generates Cv as a Cxx, yy-module.

The group GLv (and GLw) acts on the space of such data, and we define

MA “ tpx, yq : rx, ys “ 0u {GLv, MB “ tpx, y, i, jq : rx, ys ` ij “ 0, stabilityu {GLv.

Points inMA can have nontrivial stabilisers so in general the quotient is a stack, but points inMB have
trivial stabilisers so the quotient is a variety, the first example of aNakajima quiver variety.

3.2. Quivers.

3.2.1. The above are examples of moduli of quiver representations, and of framed quiver represen-
tations, respectively.
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3.2.2. Quivers.

i

λe

e

A quiver is a directed graph Q “ pQ0, Q1q whose sets Q0, Q1 of vertices i and edges e are finite. It
is graded with respect to a lattice N » Zr if we have a weight function wt : Q1 Ñ N assigning an
element of the lattice wtpeq P N to each edge. Write speq, tpeq for the source and target of the edge.

The opposite quiverQop is formed by reversing the direction of all arrows, and negating all gradings:
wtoppe˚q “ ´wtpeqwhere e˚ is the reversed version of e. We call a quiver symmetric ifQ “ Qop and
graded quiver graded symmetric if pQ,wtq » pQop,wtopq.

3.2.3. Representations. A representation ofQ is an assignment of a finite dimensional vector space Vi
to each vertex and a linear map ρe to each edge

ρe
Vi Vj ¨ ¨ ¨

This is equivalent to a finite dimensional left module over the path algebra CQ of Q, whose basis is
the set of paths inQ and multiplication is given by concatenation of paths. The dimension vector of a
representation is the element d “ pdimViqiPQ0 P NQ0 , writing di for the dimension at the ith vertex.
We write δi for the dimension vector which is 1 at vertex i and zero elsewhere.

The category RepQ of representations ofQ is an abelian category, and the rank of the derived Hom
spaces

χpρ, ρ1
q “ dimpHompρ, ρ1

qq ´ dimpExt1pρ, ρ1
qq,

is called the Euler form, which only depends on the dimension vectors d, d1 of ρ, ρ1, and is

χpd, d1
q “

ÿ

i

did
1
i ´

ÿ

e:iÑj

did
1
j.
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3.2.4. Potential. A potential ofQ is an elementW P CQ{rCQ,CQs.

A potential is given by a linear combination of cyclic words in Q, where two cyclic words are con-
sidered to be the same if one can be cyclically permuted to be the other. IfW is a single cyclic word
and e P Q1, then we define

BW

Be
“

ÿ

W“cec1

c1c

and we extend this definition linearly to generalW . The Jacobi algebra associated to pQ,W q is defined
to be

JacpQ,W q :“ CQ{

B

BW

Be
: e P Q1

F

.

The direct sum and tensor product of representations are defined vertex-wise.

3.3. Moduli stacks of quiver representations.

3.3.1. Themoduli stack of representations ofQ of dimension d is the quotient stack

MQ,d :“ RepdpQq{GLd

of the following vector space by the following group:

RepdpQq :“
l

e:iÑj

HompCdi ,Cdjq

GLd :“
l

iPQ0

GLdi

where the group GLd acts on RepdpQq by conjugation. The union over all dimension vectors is the
moduli stack of objects of the abelian category RepQ in the sense of [TV]. For instance, its C-points
are precisely the groupoid of finite dimensional representations ofQ.

3.3.2. Torus equivariance. LetQ be a quiver graded by the latticeN of a torus T “ HompN,Gmq, with
its grading denoted wt : Q1 Ñ N as before. Thus we have an action of the torus on the representation
space

T ˆ RepdpQq Ñ RepdpQq, t ¨ ρe “ twtpeqρe

where twtpeq P Gm is the image of an element of the torus under the character λe : T Ñ Gm associated
to wtpeq P N , which acts by multiplication on the element of the vector space ρe P HompCdi ,Cdjq.

The homomorphism λe gives a morphism of stacks λe : BT Ñ BGm. Taking pullback, this de-
fines a cohomology class tpeq P HH2pBT,Qq given by tpeq “ λ˚

e puq where u is the generator of
HH2pBGm,Qq » Qrus. Note that each weight wtpeq also defines a line bundle Le on BT. We will
sometimes abuse notation and write

wtpeq “ c1pLeq “ tpeq P HH2
pBT,Qq. (8)
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3.3.3. Tautological bundles and T -equivariant moduli space. We then define

MT
Q,d “ RepdpQq{pGLd ˆ T q.

The tautological bundle Ei,d for vertex i is the pullback of the universal vector bundle along

MT
Q,d Ñ BGLd ˆ BT Ñ BGLdi ˆ BT Ñ BGLdi .

Its fibre over a point corresponding to a representation ρ is the vector space Vi. The tautological map
of vector bundles ρe : Ei Ñ Ej attached to any edge e is induced by the map

MT
Q,d Ñ HompCdi ,Cdjq{GLdi ˆ GLdj .

Its fibre over a point is the linear map ρe : Vi Ñ Vj .

3.3.4. Ext complex. The Ext complex is the two-term complex of vector bundles onMT
Q,d ˆBTM

T
Q,d1 ,

given by

Extd,d1 “

˜

à

i

E_
i,d b Ei,d1 Ñ

à

e : iÑj

E_
i,d b Ej,d1 b Le

¸

. (9)

We denote the zeroeth and first factors by Ext0 and Ext1. The differential is given by viewing the left
summands as the the vector bundle of maps fromEib1 to 1bEi, and composing with the tautological
maps ρe for each edge.

We will often have to dualise and also have to pull back the Ext-complex by the swap map σ :

MT
Q,d ˆBT M

T
Q,d1 Ñ MT

Q,d1 ˆBT M
T
Q,d; for this we note thatL_

e corresponds to the character ´wtpeq,
and σ˚Le “ Le.

3.3.5. Relation to the potential. The weight function induces aN-grading onCQ, sending a path to the
sum of the weights of its edges. We say the potential is invariant for the T -action, ifW has weight zero
under this grading: wtpW q “ 0.

3.4. Doubled and tripled quivers.

3.4.1. Preprojective and Jacobi algebras. The doubleQp2q and tripleQp3q of a quiverQ are quivers formed
by adding a copy e˚ : j Ñ i of each edge e : i Ñ j in the opposite direction, and then adding a loop
ωi to each vertex, respectively.

i e

Q

i e

e˚

Qp2q

i e

e˚

ωi

Qp3q



TOPICS IN GEOMETRIC REPRESENTATION THEORY AND ENUMERATIVE GEOMETRY 33

We note that

ReppQp2q, vq » T ˚ReppQ, vq

is the contangent bundle of the representation space ofQ. The action of GLv onReppQp2q, vq is Hamil-
tonian with respect to the natural symplectic structure, and the moment map is given by

µ : ReppQp2q, vq Ñ gl˚v » glv, px, x˚
q ÞÑ

ÿ

e

rxe, xe˚s.

We define the moduli stack of preprojective representations as

ΠQ-Mod “ µ´1
p0q{GLv » H0T ˚MQ

whereΠQ “ CQp2q{ x
ř

ere, e
˚sy.

We identify this with the zeroeth homology of the cotangent complex of T ˚MQ:

Lemma 3.4.2. If Y {G is a quotient stack by a smooth scheme Y , its cotangent complex is the complex in
degrees 0, 1

T ˚
pY {Gq » pT ˚Y Ñ g˚

b OY q{G.

Proof. Follows from the distinguished triangle of the contangent complex of a composition, applied to
Y {G Ñ BG. l

Corollary 3.4.3. The above quotient has a Poisson structure.

3.5. Calabi–Yau structures.

3.5.1. The canonical tripled potential onQp3q is

ĂW “

˜

ÿ

i

ωi

¸ ˜

ÿ

e

re, e˚
s

¸

.

We have an isomorphism

ΠQrωs » JacpQp3q,ĂW q

for the polynomial ringΠQrωs, sending ω ÞÑ
ř

ωi.

3.5.2.

3.6. Framed quivers.
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3.6.1. IfQ is a quiver, the associated framed quiverQf is formed by adding a new copy pq of each vertex
q ofQ, and add an edge q Ñ pq.

ù j2j1

We write

ReppQ, v, wq “ ReppQfr, pv, wqq

for the representation space with dimension v at the original vertices and dimension w at the new
framing vertices.

3.6.2. We will be considering the double of the framed quiver,

T ˚ReppQ, v, wq “ RepppQf
q

p2q, pv, wqq

where

ù j2i2j1i1

3.6.3. Remark: Crawley–Boevey quivers. There is another point of view of framed quiver representa-
tions, where instead we consider a single node at infinity but wi edges i Ñ 8:

C

Qw

We then consider representations of dimension one at the infinite node, giving a dimension vector
pv “ pv, 1q. There is a GLv-equivariant vector space isomorphism

ReppQw, pvq
„
Ñ ReppQ, v, wq (10)

given by taking the wi many maps Vi Ñ C and arranging them into a single map Vi Ñ Cwi .

3.7. Stability conditions.
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3.7.1. A (King) stability condition on a quiverQ is a map

θ : K0pRepQq » ZQ0 Ñ R,

viewed as an element θ P RQ0 . The slope of a representation is

µθpV q “
θ ¨ dimQ0 V

dimV
,

A representation is (semi)stable if it has no proper subrepresentations of greater (or equal) slope.
When θ “ 0 or θ “ θ` “ p1, . . . , 1q, the slope takes the constant value 0 or 1, and all represen-
tations are semistable, and are stable if and only if it has no proper subrepresentations.

Theorem 3.7.2. This notion of stability agrees with GIT stability forX “ ReppQ, vq and

χθ “
l

detp´q
´θi : GLw Ñ Gm.

Corollary 3.7.3. (King) PGLv acts freely on the stable representations RepsθpQ, vq.

Proposition 3.7.4. (Harder–Narasimhan, Jordan–Holder) Every representation V has a unique filtration
by subrepresentations 0 “ V0 Ď V1 Ď V2 Ď ¨ ¨ ¨ Ď Vn “ V

VV1

V2
V3

dimV

θ ¨ dimQ0 V

such that each Vk`1{Vk is θ-semistable. IfW is semistable of slope µ, there is a unique filtration 0 “ W0 Ď

W1 Ď ¨ ¨ ¨ Ď Wm “ W such that eachWk`1{Wk is stable of slope µ.

Proof. We pick a subrepresentation Vn´1 of maximal slope, and among thesemaximal under inclusion,
and repeat to get the Harder–Narasimhan filtration. Note that such a maximum exists as the slope
only depends on the dimension vector

µθ : K0pRepQq » ZI Ñ Q

and the set of dimension vectors 0 ď d ď dimQ0 V which could arise from subrepresentations of V
is finite.

Uniqueness follows as continue

For Jordan–Holder, it is enough to show that kernels and cokernels of maps between semistable
representations of the same slope are also semistable of the same slope. write details l
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3.7.5. Framed stability conditions. Given a stability condition θ onQ, we form a stability condition on
Qw with

pθ “

´

θ,´
ÿ

wiθi

¯

.

Given a King stability condition on Q, we say that a framed representation pV,W q is (semi)stable if
the representation under (10) is pθ-semistable.

For instance,

Lemma 3.7.6. A representation ρ “ pV,W q is θ`-semistable if and only if there is no proper subrepresen-
tation V 1 Ď V contained in ker j.

Proof. Follows by applying Theorem 3.7.2 to the isomorphisn (10). l

Corollary 3.7.7. (King) For θ “ θ`, stabilty and semistability on ReppQ, v, wq coincide.

3.8. Quotients.

3.8.1. LetG act on a schemeX and let χ : G Ñ Gm be a character. TheGIT and stack quotients are

X{{χG “ Proj

˜

à

ně0

ΓpX,OXq
G,χn

¸

, X{G “ limpG ˆ X Ñ Xq

where ΓpX,OXqG,χ
n is the space of G-invariant sections ofOX twisted by the character χn.

3.8.2. Example. When χ “ 1 is trivial this is just the affinisationX{{G “ SpecΓpX,OXqG. For any
χ there is a canonical map

π : X{{χG Ñ X{{G

induced by the inclusion of invariant functions.

3.8.3. Example. Cn`1 ∖ 0 are the (semi)stable points for theGm-action with weight one onCn`1, and
the GIT quotient and stack quotients are both Pn.

3.8.4. Theχ-semistablepointsX ss
χ are those givenby thenonvanishing locus of anyf P ΓpX,OXqG,χ

n

for some n ą 0. It is stable if in addition the G-action on that locus is closed an that point has finite
stabilisers.

There is always a map
X ss
χ {G Ñ X{{χG.

LetG be reductive. This map is an isomorphism ifG acts freely onX ss
χ , or ifX s

χ “ X ss
χ andG acts with

finite stabilisers onX s
χ.

Theorem 3.8.5. X ss
χ Ñ X{{χG is the universal (initial) G-invariant map fromX ss

χ into a scheme.

Theorem 3.8.6. X Ñ X{G is the universal G-torsor P over a stack with a G-equivariant map toX .
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3.9. Quiver varieties.

Definition 3.9.1. Let Q be a quiver and θ a King stability condition for Q (which we view as a King
stability condition on pQfqp2q). TheNakajima quiver variety is

Mθpv, wq “ µ´1
p0q

ss
{{θGLv Ď T ˚ReppQ, v, wq{GLv.

Here, the moment map µ is explicitly

µ : HompQp2q, vq ˆ HompV,W q ˆ HompW,V q Ñ gl˚v

px, x˚, ik, jkq ÞÑ
ÿ

rx, x˚
s `

ÿ

ikjk.

j2i2j1i1
x1

x˚
1

x2

x˚
2

Thus we have a quotient stack µ´1p0qssθ {GLv for each stability condition θ, which is locally constant
as θ varies but can jump at certain walls where stability and semistability fail to coincide. Along these
walls, the stack and GIT quotient can differ.

θ
´θ θ1 Stab “ HompK0pRepQq,Rq

By [Na96], the walls are of the form hyperplanes θ ¨ αi “ 0 for finitely many dimension vectors
αi P RQ0 . This is because by [Na96] away from these walls there are no strictly semistable points, and
the picture actually looks like

θ
´θ θ1 Stab “ HompK0pRepQq,Rq

The following is taken from [Gi09, Prop. 5.1.5]

Lemma 3.9.2. A representation ρ “ px, x˚, i, jq is θ`-semistable if and only if for any subrepresentation
V 1 ofQp2q, if

V 1
Ď ker j ñ θpdimQ0 V

1
q ď 0,

V 1
Ě imi ñ θpdimQ0 V

1
q ď θpdimQ0 V q.
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When θ “ 0 these conditions hold for all θ. When θ “ θ`, these two conditions become

V 1
Ď ker j ñ V 1

“ 0,

and when θ “ ´θ`, the second condition becomes

V 1
Ě imi ñ V 1

“ V.

3.9.3. Let us consider θ “ θ`.

Here we take the GIT quotient, but for θ “ θ` or whenever stability and semistability coincide (as
for generic θ), this agrees with the stack quotient by Corollaries 3.7.3 and 3.7.7.

Proposition 3.9.4. When θ “ θ`,Mθpv, wq is a smooth quasiprojective variety.

Proof. We prove this for the stack quotient, which by Corollary 3.7.7 agrees with the GIT quotient.
T ˚ReppQ, v, wq{GLv being smooth, it is enough to show that the map µ : T ˚ReppQ, v, wq Ñ gl˚v
is regular at semistable points ρ. This follows from GLv acting freely on T ˚ReppQ, v, wqss, which is a
consequence of the stability condition. l

3.9.5. Example. For θ “ θ` and the quiver

ji

V » Ck

W » Cn

The moment map condition becomes µ “ ij “ 0, i.e. ker j Ě imi, and the stability condition for θ`

is that i is surjective, so we have maybe i, j need to be swapped

0 Ñ K Ñ W Ñ V Ñ 0.

The inclusionK ãÑ W defines a point in Grpn ´ k, nq and the mapW Ñ W {K defines a point in
the cotangent fibre, and so

Mθ`
pk, nq » T ˚Grpn ´ k, nq.

3.9.6. Example. For θ “ 0, or θ`?

x y

ji

Cv

Cw
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is stable if and only if the image of i generatesCv as aCxx, yy-module. not quite, work out in class For
instance,

Mpv, 1q » HilbvpC2
q.

3.10. Cohomology of quiver varities.

3.10.1. To begin with we notice that if we ignored the semistable condition,

ι : Mθpv, wq “ µ´1
p0q

ss
{GLv ãÑ µ´1

p0q{GLv “ Mpv, wq,

the GLw-equivariant cohomology of the right hand side is very easy to work out:

Lemma 3.10.2. We have that

H‚

GLwpMpv, wqq » H‚
pBGLvq b H‚

pBGLwq

is generated freely by the nonzero chern classes ckpViq and ckpWiq of the tautological bundles.

Proof. µ´1p0q is GLv ˆ GLw-equivariantly contractible. l

Theorem 3.10.3. [MN18]WheneverMθpv, wq is smooth, the “Kirwan" pullback map

ι˚ : H‚

GLwpMpv, wqq Ñ H‚

GLwpMθpv, wqq

is surjective.

3.11. The structure on quiver varieties.

3.11.1. We have the following Theorem:

Theorem 3.11.2. [MO12] For generic θ, the collection of spacesXw “
Ů

vMθpv, wq satisfies the following
properties:

(1) There is an action of G “ PGLw.

(2) Xw is a smooth symplectic variety, with a proper G-equivariant map π : Xw Ñ X0
w to an affine

variety X0
w. The symplectic form ω is an eigenvector for G and fixed by the maximal torus T Ď G.

Xw is formal as a T-variety.

(3) (Factorisation) Considering the rank r subtorus induced by decomposition

A Ď T ô w “ w1 ` ¨ ¨ ¨ ` wr,

we have

XA
w » Xw1 ˆ ¨ ¨ ¨ ˆ Xwr . (11)
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Proof. We letX0
w “ SpecOpXwq be the affinisation ofXw , which carries a canonical map fromXw.

equivalently as in MO it is a map toM0,0

We prove factorisation (11) assuming that s “ ss. There is an inclusion

ReppQ, v1, w1q ˆ ¨ ¨ ¨ ˆ ReppQ, vr, wrq ãÑ ReppQ, v, wq (12)

for every decomposition v “ v1 ` ¨ ¨ ¨ ` vr and w “ w1 ` ¨ ¨ ¨ ` wr , intertwining the actions of
GLv1 ˆ ¨ ¨ ¨ ˆ GLvr Ñ GLv , and hence inducing a map on quiver varieties

ι : Mθpv1, w1q ˆ ¨ ¨ ¨ ˆ Mθpvr, wrq ãÑ Mθpv, wq.

We now consider the A-fixed points of the right hand side. Recall from [Ro05] that the category of
stacks forms a 2-category, and, extending the notion of fixed points of a variety, the A-fixed points for
a stackX with A-action is defined by

HomA-StkpY,Xq “ HomStkpY,X
A

q.

In particular, if A acts trivially on BG then reference

pBGq
A

“
ğ

ϕ : AÑG

BCϕpAqpGq

is the union over homomorphisms ϕ : A Ñ G of the classifying stacks of the centralisers of the images
of ϕ. For instance, if G “ GLv and A is as above then

CApGq “ GLv1 ˆ ¨ ¨ ¨ ˆ GLvr .

Likewise, we have for a quotient stack that

pY {Gq
A

“
ğ

ϕ : AÑG

Y ϕpAq
{CApGq.

Given the homomorphism ϕ : A Ñ GLv induced by the decomposition v “ v1 ` ¨ ¨ ¨ ` vr , we have
that ReppQ, v, wqϕpAq is precisely the image of the inclusion (12). This proves the factorisation result.

l
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4. Stable envelopes and Yangians

So far we have studied quantum groups Uqpgq attached to finite dimensional Lie algebras like sln.
From the physics point of view its categories of modules these are expected to be categories of line
operators of a three dimensional topologicalQFT T called 3d Chern–Simons:

Repf.d.Uqpgq » TpS1
q

where S1 Ď R2.

In what follows we will study quantum groups of the best behaved infinite dimensional Lie algebras:
affine Lie algebras pg, which arise as extensions of the Lie algebra Lg “ grt˘s of loops into g:

0 Ñ C ¨ c Ñ pg Ñ Lg Ñ 0

in which the correction to the Lie bracket in Lg is given by the residue pairing

Res : Lg b Lg Ñ C ¨ c, pxptq, yptqq ÞÑ c ¨ Rest“0κpxptq, yptqqdt.

The relevant physics object is a four dimensional holomorphic-topological QFT T called 4d Chern–
Simons [CWY17]. Now the local structure of spacetime is not R3 but R2 ˆ Σ, where Σ is a Riemann
surface with nonvanishing one form. There are three options,

Σ P tC,Cˆ, Eu

where E is an elliptic curve. Therefore we get three different types of algebras, with line operator
categories expected to be given by a certain category of modules

RepzYℏppgq » TpS2
z q, RepzUqppgq » TpS2

z q, RepzEℏ,τ ppgq » TpS2
z q

where S2
z Ď R ˆ Σ is a small sphere around p0, zq.

R

Σ

RepzA

RepzA

As far as I am aware there is not an exact analogue of Drinfeld’s big Theorem for these quantum
groups–this is a question you should think about if interested. Instead, we use a different construction
of quantum groups, the RTT construction.
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3dQFT 4dQFT 5d
R ˆ R C ˆ R Cˆ ˆ R Eτ ˆ R ¨ ¨ ¨

Uℏpgq Yℏpgq Uℏppgq Eℏ,τ pgq ¨ ¨ ¨

Funp´; Fqq H‚p´q Kp´q Ellp´q ¨ ¨ ¨

4.1. RTT construction.

4.1.1. Let V be a finite dimensional vector space andR P GLCpV b V q be an element satisfying the
Yang–Baxter equation

R12R13R23 “ R23R13R12

in GLCpV b V b V q, where the subscripts indicate which factors of V b V b V the operatorR acts
on.

Definition 4.1.2. LetApRq be the algebrawith generators tij , where 1 ď i, j ď dimV , and pdimV q2

many relations given by the RTT relation

R12T1T2 “ T2T1R12

inside glCrtijspV b V rtijsq, where T is the matrix with entries tij .

Lemma 4.1.3. ApRq is a Hopf algebra with coproduct

∆ptijq “

dimV
ÿ

k“1

tik b tkj.

There is a filtration on ApRq by degree.

Definition 4.1.4. Let UpRq Ď ApRq_ be the subalgebra generated by the coefficients ℓ˘
ij ofL˘, with

action on degree k elements as

L`
pT1 ¨ ¨ ¨Tkq “ R`

1 ¨ ¨ ¨R`
k ,

L´
pT1 ¨ ¨ ¨Tkq “ R´

1 ¨ ¨ ¨R´
k ,

whereR`
i “ σ0iR0iσ0i andR´

i “ R´1
0i .

4.1.5. Example. When V “ C2 and

R “

¨

˚

˚

˚

˝

q

1

q ´ q´1 1

q

˛

‹

‹

‹

‚

the RTT relations reduce to

t11t12 “ qt12t11 t11t21 “ qt21t11

t12t21 “ t21t12 t12t22 “ qt22t12

t21t22 “ qt22t21 t11t22 ´ t22t11 “ pq ´ q´1
qt12t21
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we have thatApRq » Uqpsl2q. Moreover,

L`
“

?
q

˜

e´ℏH{2 ℏX
eℏH{2

¸

, L´
“

1
?
q

˜

eℏH{2

ℏY e´ℏH{2

¸

where we have that

e˘ℏH{2X “ q˘1Xe˘ℏH{2, e˘ℏH{2Y “ q¯1Y e˘ℏH{2,

XY ´ Y X “
q ´ q´1

ℏ2
peℏH{2

´ e´ℏH{2
q.

4.1.6. Example. More generally,

Theorem 4.1.7. When

R “
ÿ

i‰j

eii b ejj ` q
ÿ

i

eii b eii ` pq ´ q´1
q

ÿ

iăj

eij b eji

we have UpRq » Uqpslnq.

4.2. What type of thing should the RTT construction be?

4.2.1. Let’s say we have a braided monoidal category with fibre functor C “ A-Mod. As we have
seen, A has to be a quasitriangular bialgebra with quasitriangular element R P A b A, which we can
reconstructA “ EndF as the algebra of endomorphisms of the forgetful functor F : C Ñ VectC.

However, imagine we were in the following more restrictive setting:

‚ We did not know any information about C itself,

‚ We only have a collection Vi “ F pciq of vector spaces, closed under b and including C “ V0,
and linear mapsRViVj : Vi b Vj Ñ Vi b Vj satisfying the Yang–Baxter equation,

R12R13R23 “ R23R13R12

as endomorphisms of Vi b Vj b Vk for all i, j, k, andRV0Vi “ RViV0 “ idVi for all i.

Question 4.2.2. How could we reconstruct pC, F q from this data?

To begin with, we should have distinct objects ci, so as a first approximation we can take C0 “
d
i Vect ¨ ci, which has no morphisms except multiples of the identity. Which morphisms should we

add? TheA-linear ones, which should include at leastRVi,Vj .

At this point it becomes easier to reconstruct the algebraA instead. We know that

RVi,Vj : Vi b Vj Ñ Vi b Vj

should be action by an element inA b A:

RVi,Vj “
ÿ

ρVipa
p1q

q b ρVjpa
p2q

q
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and we can take the trace of the first (or second) factor to get the action of a single element in A on
Vj . More generally, we can precompose with the action of any endomorphismmi : Vi Ñ Vi to get an
element

αmi,j “
ÿ

trpmi ¨ ρVipa
p1q

qq ¨ ρVjpa
p2q

q : Vj Ñ Vj.

We call this a coefficient of theR-matrix.

Theorem 4.2.3. There is a (universal?) braided monoidal category with fibre functor pC, F q answering
Question 4.2.2: the module category of the algebra

Y “ xαmj
y Ď

l

i

EndpViq

generated by the coefficients αmj
of theR-matrix with respect tomj : Vj Ñ Vj , which as an endomorphism

in EndpViq is given by

αmj
|Vi “ trVj

“

pmj b idqRVj ,Vi

‰

: Vi Ñ Vi.

Proof Sketch. By the explanation above, any algebra Y1 with the above properties l

4.3. Cohomology, K-theory and elliptic cohomology.

4.3.1. Equivariant cohomology, K-theory and elliptic cohomology. Where the equivariant parame-
ters a live.

A cohomology theory is (define it).

In (special case), the cohomology theory arises from a non-formal algebraic group (justify). These
are cohomology,K-theory, or Grojnowski’s equivariant elliptic cohomology (justify this part), by:

Theorem 4.3.2. Let G be a one-dimensional algebraic group over C. Then

G P tC,Cˆ, Eu

where E is an elliptic curve.

Proof. (Maybe Serre) l

Theorem 4.3.3. (Belavin–Drinfeld)

4.4. Spectral parameter RTT construction.
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4.4.1. Spectral parameter RTT construction: cohomology, K-theory and elliptic cohomology.

We will state it for cohomology, where H‚pBGmq “ kras, however it should be clear that the same
construction works forK-theory and elliptic cohomology.

Theorem 4.4.2. Given a collection of free kpaq-modules Vipaq and kra1, a2s-linear maps

Rijpa1, a2q “ Rijpa1 ´ a2q : Vipa1q b Vjpa2q Ñ Vipa1q b Vjpa2q

withRijp8q “ 1, and satisfying the spectral Yang–Baxter equation

R12pa1, a2qR13pa1, a3qR23pa2, a3q “ R23pa2, a3qR13pa1, a3qR12pa1, a2q

then
Y “ xαmij

pnqy Ď
l

i1,...,ik

EndpVi1pa1q b ¨ ¨ ¨ b Vikpakqq

given by (residue of bla/ p30 [OS16]) is an associative bialgebra over kras with a natural action on Vipaq, and
theRijpaq : Vi b Vj

„
Ñ Vj b Vipaq are intertwiners of Y-modules.

Moreover, Y is the universal such algebra.

4.4.3. Sketch-define meromorphic braided monoidal categories.

4.5. Recollections on Borel–Moore homology.

4.5.1. Reminder about the six functors, cohomology, Borel–Moore homology, compactly supported
cohomology, and homology. Identifications ifX is smooth.

Virtual classes.

4.5.2. Localisation sequence and regular closed embeddings (locally A{f1 ¨ ¨ ¨ fr where fk`1 is not a
zero divisor inA{f1 ¨ ¨ ¨ fk). Normal bundles and Euler classes for regular closed embeddings.

4.5.3. Proper pushforward on BM homology. Exceptional pullback for regular closed embeddings,
maps between smooths, and open embeddings.

4.6. Recollections on symplectic geometry.

4.6.1. Recall that a manifold or smooth scheme X is symplectic if there is a two-form ω P Ω2pXq

which is closed and nondegenerate:

dω “ 0, Ωn
X “ O ¨ ^

nω.

A subvariety ι : Z ãÑ X is called isotropic if ι˚ω “ 0, and Lagrangian if in addition dimZ “ 1
2
dimX .

Assume that ω is fixed by the action of a torus T, andGm,ℏ Ď T is multiples of the identity. Given a
component Z Ď XA we have

NZ “ N´
‘ N`
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and the symplectic form ω identifies pN`q_ » N´ b ℏ. As Gm,ℏ commutes with A, the class

ϵ2 “ p´1q
codimZ{2epNZq|H‚

Apptq “
l

α2
i

is a perfect square for any point pt P Z . A polarisation is a choice of square root, and the sign ˘epNZq

agrees with the polarisation if it restricts to ϵ on H‚

Apptq.

An isotropic cycle (sloppily referred to as a Lagrangian cycle in [MO12]) inside a symplectic manifold
pX,ωq with an action of torus T is a homology class

Z “
ÿ

i

nirZis P H‚

TpXq.

where Zi Ď X are T-invariant subvarieties with Zsm
i |ω “ 0, with dimZi “ 1

2
dimX and ni P Z.

A homology class is supported on a T-invariant closed subvariety ι : Z ãÑ X if it is in the image of
the pushforward map

ι˚ : H‚

TpZq Ñ H‚

TpXq.

4.6.2. IfX is a variety with an action by torus T and A Ď T, then

grH‚

TpXq » H‚

T{ApXq b H‚

Apptq.

Thus, we define the A-degree d P Nr of an element fpaq P H‚

TpXq its degree as a polynomial in
H‚

Apptq » Cra1, . . . , ars.

Z 1

Z AttrCZ

For Z Ď X an A-invariant subvariety of X , and σ : Cˆ Ñ A a cocharacter then we have the
attracting set

AttrσZ “ tx P X : lim
tÑ0

σptq ¨ x P Zu.
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Note that the limit, if it exists, will always lie inZXXA. This defines a partial order on the components
ofXA by setting Z ě Z 1 if Z 1 is upsteam of Z , i.e. if Z X AttrσZ 1 ‰ ∅.

The full attracting set is

AttrfσZ “ AttrσAttrσ ¨ ¨ ¨AttrσpZq,

i.e. the union of attracting sets of all components Z 1 Ď XA upstream of Z . The above iteration
terminates for NoetherianX .

Lemma 4.6.3. ForX as below, if Z Ď XA is a component of the fixed locus, we have that

Z
ι0
ãÑ AttrσZ

j
ãÑ AttrfσZ

ι1
ãÑ X

where ι0 is a regular closed immersion, j is open and ι1 is closed. If we split

NZ{X “ N`

Z{X ‘ N´

Z{X

into the attracting, fixed and repelling parts, then the normal bundle of ι0 isN´

Z{X .

4.7. Motivation II: quantisation of Lagrangians.

4.7.1. Given a system of balls attached with various rods and springs

all information of the system is captured by a point in the symplectic submanifold Y Ď T ˚pR3q4

parametrising positions and velocities, with conditions forced by the rods.

ByNewton’s law for springs and rods, knowing the positions and velocities of the balls lets you know
the positions and velocities after an arbitrary time t:

Y Y

time
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We can package this information into the set of allowed paths Y » Pathst1,t2 Ď Mapsprt1, t2s, Y q for
every time interval: these are paths satisfying certain differential equations. Asking a path what its
start- and endpoint is gives maps

Pathst1,t2

Y Y

defining a Lagrangian submanifold of Y ˆ Y .

M

N

Σ

γ

Likewise, given amore complicated cobordism from symplectic manifoldX to Y , we get a Lagrangian
submanifold of allowed paths γ:

Σ PathsΣ
Z

ù

M N X Y

pq

Moreover, given two composable cobordisms,

M2

M3

Σ2

M1 Σ1
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we have
PathsΣ1¨Σ2 » PathsΣ1 ˆX2 PathsΣ2

PathsΣ1 PathsΣ2

X1 X2 X3

(13)

We call such a functor Z : Cob Ñ Lag into the category of symplectic manifolds and Lagrangian
correspondences a classical QFT, where now PathsΣ is an arbitrary Lagrangian in ZpM1q ˆ ZpM2q

not necessarily having to do with solutions to differential equations.

A quantisation of a classical QFT is loosely speaking an assignment of a vector space to each relevant
symplectic manifoldX–for instance OpXq or H‚pXq or H‚pXq–and a linear map to each cobordism
Σ. A natural candidate is

ZΣ “ p˚q
˚ : H‚

pXq Ñ H‚
pY q

given by taking a differential form α on X , pulling it back to PathsΣ and then integrating along the
fibres of p to get a differential form on Y . In other words,

α ÞÑ π2˚pπ˚
1α X rPathsΣsq (14)

where we intersect with the class of PathsΣ Ď X ˆ Y and π1, π2 are the two projection maps.

4.7.2. Stable envelopes as a quantisation. We are now going to execute this kind of process, whereX “

XA, Y “ X , and our main object rPathsΣs P H‚pX ˆ Y q will be the stable envelope, (13) will corre-
spond to the hexagon relation and ZΣ ¨ ZΣ´1 will be theR-matrix defining the Yangian.

We will have a cobordism Σ “ P1 from marked pointsM “ pt \ pt toN “ pt, as we will see later
when we study quasimaps.

4.8. Definition of the Yangian from stable envelopes.

4.8.1. Given a collection of spacesX “ Xw satisfying the following:

‚ pX,ωq is nonsingular variety and symplectic, with an action of a reductive groupG “ PGLpnq,

‚ there is a G-equivariant proper map π : X Ñ X0 to an affine varietyX0,

‚ given a maximal torus T and A Ď T Ď G such that ω is a G-eigenvector fixed by A,

‚ X is formal as a T-variety, and H‚

TpXq is free as a H‚

Tpptq-module.

We also have a splitting
NXA{X “ N`

XA{X
‘ N´

XA{X

into positive and negative part. We also get a decomposition of aR into chambers given by the roots
appearing inNXA{X , and we fix a chamber C.
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αK
0 αK

1
¨ ¨ ¨

αK
n

C

aR

Note that the (full) attracting set only depends in the chamber, and so we write Attrpfq

C Z .

We further assume that for each A,

(1) XA »
ř

w“w1`¨¨¨`wr
Xw1 ˆ ¨ ¨ ¨ ˆ Xwr if A has rank r,

(2) consider the A-weights of the normal bundle to the fixed points

XA

α0 α1 ¨ ¨ ¨ αn

X NXA{X,z

these weights χ P a˚
Q are the roots αij of G “ PGLpnq.

In [MO12] it’s noted that this definition is a bit ad-hoc.

Theorem 4.8.2. (Stable envelopes) There is a Lagrangian cycle for each chamber C

[StabC]

XA X

unique such that for any component Z Ď XA,

(1) The retriction toXA ˆ Z :

[StabC]|ZˆXA

Z X

is supported on Z ˆ AttrfCZ ,

(2) the restriction to Z ˆ Z is
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[StabC]|ZˆZ

Z Z

is ϵepN´
Z,Cq X ∆,

(3) for any downstream Z 1 ă Z , the restriction

[StabC]|Z1ˆZ

Z 1 Z

has A-degree less than 1
2
codimZ 1.

(write down K theoretic version)

There is a map
StabC : H‚

TpXA
q Ñ H‚

TpXq,

unique such that for any component Z Ď XA and γ P H‚

TpZq,

(1) StabCpγq is supported on AttrfCZ ,

(2) StabCpγq|Z “ ˘epN´
Z,Cq Y γ,

(3) degA StabCpγq|Z1 ă 1
2
codimZ 1 for all downstream Z 1 ă Z .

From uniqueness of stable envelopes, it follows that

Corollary 4.8.3. If A1 Ď A Ď T, is induced by a face C of a chamber C, inducing a1 Ď a, then we have

H‚

TpXAq H‚

TpXq

H‚

TpXA1

q
StabC{C1

StabC

Stab1
C1

and rStabCs “ rStabC{C1s ¨ rStabC1s.

Combining this with Theorem 4.4.2 we get

Corollary 4.8.4. There is an algebra Y with modules tH‚pXwqu and an element

R P Y b Ypaq

such that ρVi b ρVjpRq “ Rijpaq (etc.)

Proof. To begin with, StabC is invertible up to localisation and H‚

TpXq is free as a H‚

Tpptq-module, so
we have

StabC :
à

w“w1`¨¨¨`wn

H‚
pXw1q b ¨ ¨ ¨ b H‚

pXwnq b Qptq
„
Ñ H‚

pXq b Qptq
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and its inverse is defined. When n “ 2 so thatQptq “ Qpaq has rank one, we set

RCpaq “ Stab´1
´C ¨ StabC.

In particular, we have its matrix coefficients

RCpaq
w

1
1,w

1
2

w1,w2 : H‚
pXw1q b H‚

pXw2q b Qpaq
„
Ñ H‚

pXw1
1
q b H‚

pXw1
2
q b Qpaq

for any w1 ` w2 “ w “ w1
1 ` w1

2.

(conditions needed above for RTT).

l

4.8.5. Cohomological stable envelope. Now construct the stable envelopes.

4.8.6. Proof of Theorem 4.8.2: uniqueness. First, the way we contsruct the Lagrangian cycle rStabCs be-
low will see that it is unique.

Second, if StabC, Stab1
C are two such maps as above, then for any γ P H‚

TpXAq the difference

δ “ StabCpγq ´ Stab1
Cpγq P H‚

TpXq

is supported on a union of attracting sets and

degA ι
˚δ ă

1

2
codimZ

for ι : Z ãÑ X any component of the fixed locus.

Lemma 4.8.7. Any such class δ is zero.

Proof from [MO12]. Pick a component Z so that δ is supported on AttrfCZ . Factor

Z
ι0
ãÑ AttrσZ

j
ãÑ AttrfσZ

ι1
ãÑ X

as in Lemma 4.6.3. This implies that

δ X rXs “ ι1˚α

for a Borel–Moore class α. Therefore,

ι˚δ X rZs “ epN´q X ι˚0j
˚α

where we recall that multiplication by epN´q is injective and degA epN´q “ 1
2
codimZ . Therefore,

epN´q X ι˚0j
˚α, and as ι˚0 is an isomorphism this forces that j˚α “ 0, so δ is supported on a smaller

union of strata. Inducting gives δ “ 0. l
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4.8.8. Proof of Theorem 4.8.2: existence. Webegin by constructing repeated approximations to the stable
envelope, let us call them S0, S1, . . . . To begin with, pick a componentZ Ď XA of the fixed locus, and
we set

S0 “ ∆ XZˆZ pAttrCZ ˆ Zq.

which satisfies (the first two conditions). To construct S1, S2, . . . , we use

Lemma 4.8.9. (Gram–Schmidt for Lagrangian cycles) (Refer to conditions onX ) and let ι : Z » XA
i ãÑ

X be a component of the fixed locus and letL Ď X be anA-invariant Lagrangian. Note that ι˚ω is symplectic.

(1) L X Z is isotropic.

(2) There is a unique Lagrangian cycle ResϵL in Z supported on L X Z such that in HBM
‚,ApZq,

ι˚L “ ϵrResZLs ` ¨ ¨ ¨

where ¨ ¨ ¨ consists of terms of smaller A-degree.

Z

X

L

L X Z

Proof. Either skip or write right at the end of prep. l

Specifically, noting that S0 is a Lagrangian, we set

S1 “ S0 ´ AttrCpϵrResZS0sq

as we note that ι˚AttrCL “ L (check this). Repeating this, this process terminates (dimension reasons)
at Sn “ SZ , and so constructs our candidate S “

ř

ZPπ0pXAq
SZ for the stable envelope. It satisfies

(condition i-iii) because (easy reason), so we are left with showing that it (i.e. its support?) is proper
overX .

We deduce this from the fact that π : X Ñ X0 is proper. First, we reduce to the case thatX0 is a
vector space with an action of A. (MO just state this in 3.2.7) Then, (we reason about vector spaces).

4.8.10. K theoretic stable envelope. Apparently it’s in [OS16], p12-19.

4.8.11. Elliptic stable envelope. Only reference Agnagic–Okounkov.

4.9. Example: Yangians from quiver varieties.
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4.9.1. In the above, we consider a quiverQ with generic stability condition, e.g. θ “ θ`, and we set
Vi “ H‚pMpwqq so that Vipaq “ H‚

CˆpMpwqq, and

H‚

ApMpwq
A

q “
à

w“w1`¨¨¨`wn

Vi1pa1q b ¨ ¨ ¨ b Vinpanq

whereA is themaximal torus of PGLpnq and aj is the equivariant parameter corresponding to the j-th
factor.
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Example of the above: sl2, aliasQ “ ‚

Quiver varieties.

Computation. LetQ “ ‚ so that RepQ “ Vect, with its King stability condition

θ` : K0pVectq „
Ñ Z

sending V ÞÑ dimV . The double of its framed quiver is

ji

v

w

pQfqp2q

The moduli stacks of representations ofQ and pQfqp2q are

MQ “
ğ

vě0

BGLv, MpQfqp2q “
ğ

v,wě0

HompW,V q ‘ HompV,W q{GLv

whereV,W havedimensionsv, w. The cohomologies of bothof the above components areH‚pBGLvq »

Crc1, . . . , cvs where ci has degree 2i.

Group action. The action of GLv is by post-composition on HompW,V q and pre-composition on
HompV,W q, i.e. we have

g ¨ pA,Bq ÞÑ pg ¨ A,B ¨ g´1
q

and by writing g “ exppϵxq where ϵ2 “ 0, we likewise see that the action of glv on the tangent space
at pA,Bq is

x ¨ pa, bq ÞÑ pxa,´bxq,

where we identify TpA,BqT
˚HompV,W q with T ˚HompV,W q.

Symplectic reduction. The symplectic form on T ˚HompV,W q “ HompV,W q ˆ HompW,V q is

ωppa, bq, pa1, b1
qq “ trV pba1

´ b1aq

because the evaluation betweenHompV,W q andHompV,W q˚ » HompW,V q is given by taking trace.

Lemma 4.9.2. The moment map is given by

µ : HompV,W q ‘ HompW,V q Ñ glv
„
Ñ gl˚v

pj, iq ÞÑ ij ÞÑ trV pijp´qq,

which is usually just written as µ “ ij.
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Proof. We compute the moment map µ : T ˚HompV,W q Ñ gl˚v defined as the unique map so that the
composition

µpxq : T ˚HompV,W q Ñ gl˚v
x

Ñ C

has exterior derivative at pA,Bq given by ωpx|pA,Bq,´q. This exterior derivative is given by
`

dpA,Bqµpxq
˘

pa, bq “ lim
tÑ0

µpA ` ta, B ` tbqpxq ´ µpA,Bqpxq

t

which as x|pA,Bq “ pxA,´Bxq should equal

ωpx|pA,Bq, pa, bqq “ trpp´Bxqa ´ pxAqbq “ trp´aBx ´ Abxq.

This corresponds under glv » gl˚v to aB ` Ab, which is the differential of the map pA,Bq ÞÑ AB,
therefore the exterior derivative of µpxq is trp´aBx ´ Abxq as required. l

Stability. Recall the Crawley–Boevey quiver ofQ

w

v

1
Qw

and the stability function pθ “ pθ,´vθq attached to stability condition θ P Z onQ. Identifying

ReppQw, pvq » ReppQ, v, wq

gives the stability condition

pθ : K0pReppQf
q

p2q, v, wq » K0pReppQ, v, wqq » K0pReppQw, pvqq
pθ

Ñ Z

sending all rpV,W qs ÞÑ 0. this seems wrong

Lemma 4.9.3. A representation

ji

V

W

pQfqp2q

satisfies µ “ 0 if and only if ij “ 0, and is θ`-stable if and only if ker j “ 0.

Proof. write

l

Note in particular that the existence of stable points forces that w ě v.

Computing the quiver variety.
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4.9.4. Consider

ji

C

C

pQfqp2q

where j is invertible and i “ 0. The Nakajima quiver variety is then

pHompCp1q,Cq ˆ HompC,Cp1qqq{GL1 Ðâ pCˆ
ˆ 0q{GL1 » pt.

Here, pnq denotes that the GL1-action has weight n.

4.9.5. Next, consider

ji

C

Cn

pQfqp2q

where j is an embedding and i induces a map Cn{jpCq Ñ C.

The Nakajima quiver variety is then

pHompCp1q,Cnq ˆ HompCn,Cp1qqq{GL1 µ´1p0qss{GL1

HompC,Cnq{GL1 Pn´1

π

Note that the pullback under

Cpkq{GL1 |Op´kq|

BGL1 Pn´1

and so the pullback to Pn´1 of the bundle π is Op´1q‘n. If we restrict to the subbundle of i P

HompCn,Cp1qq which kills the plane Cp1q Ď Cn corresponding to a base point in Pn´1, its pullback
is the cotangent bundle, by the Euler sequence

0 Ñ T˚
Pn´1 Ñ Op´1q

‘n
Ñ O Ñ 0.

Therefore, the Nakajima quiver variety is

T ˚Pn´1
» µ´1

p0q
ss

{GL1.

This has an action of Gw “ GLn by the action on Pn´1, and its cohomology is

H‚

Gw
pMθ`p1, nqq “ H‚

GLnpPn´1
q “ H‚

pGLnzGLn{Pnq “ H‚
pBPnq
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» H‚
pBGL1 ˆ BGLn´1q » Crc1s b Crc1, . . . , cn´1s

where Pn Ď GLn is the parabolic subgroup given by the stabiliser of a line C Ď Cn, i.e. of matrices

¨

˚

˚

˚

˚

˝

‹ ‹ ¨ ¨ ¨ ‹

‹ ¨ ¨ ¨ ‹

...
. . .

...

‹ ¨ ¨ ¨ ‹

˛

‹

‹

‹

‹

‚

which admits a map Pn Ñ GL1 ˆ GLn´1. The non-equivariant cohomology is

H‚

Gw
pMθ`p1, nqq “ H‚

pPn´1
q » Crxs{xn

and the map H‚

GLnpPn´1q Ñ H‚pPn´1q sends ci ÞÑ
`

n
i

˘

xi by the splitting principle.

4.9.6. Finally, consider

ji

Ck

Cn

pQfqp2q

where n ě k. We have Grpk, nq in place of Pn´1, and we have an Euler sequence

0 Ñ T˚
Grpk,nq Ñ HompO‘n,Vpkq

q Ñ HompVpkq,Vpkq
q Ñ 0

where Vpkq is the pullback of the tautological bundle on BGLk. Therefore, by the same argument,

Mθ`pk, nq » T ˚Grpk, nq

with equivariant cohomology the equivariant cohomology of the parabolic Pn,k Ď GLn stabilising a
k-plane,

H‚

Gw
pMθ`pk, nqq » H‚

pBGLk ˆ BGLn´kq “ Crc1, . . . , cks b Crc1, . . . , cn´ks.

Torus fixed points. Consider the action of GLw given by

h ¨ pj, iq ÞÑ phj, ih´1
q.
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Let us consider a torus A Ď GLn given by a decomposition into w “ w1 ` ¨ ¨ ¨ ` wr , i.e. n “

n1 ` ¨ ¨ ¨ ` nr:

A “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a1
. . .

a1
. . .

ar
. . .

ar

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

: det “ 1

,

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

-

» Gr´1
m

This splits upW “ Cn into A-subrepresentationsW1 ‘ ¨ ¨ ¨ ‘ Wr:

and an element of T ˚Grpk, nq is fixed by the torus if and only if the associated k-plane Ck Ď W is a
direct sum of ki-planes Cki Ď Wi. Thus

pT ˚Grpk,W qq
A

“
ğ

k“k1`¨¨¨`kr

T ˚Grpk1,W1q ˆ ¨ ¨ ¨ ˆ T ˚Grpkr,Wrq.

Recall that we setGA Ď Gw “ GLn the centraliser ofA inGw, for instance wewriteGm,ℏ Ď GLn for
multiples of the identity. This fixes each k-hyperplane and acts by scaling the fibres of T ˚Grpk, nq Ñ

Grpk, nq.

4.9.7. Example. For instance, ifA acts onCn “ Cn1 ˆ ¨ ¨ ¨ ˆCnr with different weights, then the fixed
locus is

pT ˚Pn´1
q
A

“ T ˚Pn1´1
\ ¨ ¨ ¨ \ T ˚Pnr´1.

where each connected component is secretly a product of two factors, butwedonot see theMθ`p0, niq »

pt factor.

4.9.8. Cohomology. We now consider the maps

rιi,˚ : H‚
pT ˚Pni´1

q Ô H‚
pT ˚Pn´1

q : rι˚i

induced by the inclusionrιi : T
˚Pni´1 ãÑ T ˚Pn´1. Note that the pushforward increases cohomologi-

cal degree by twice the codimension, i.e. by 4pn ´ niq. We also have

rι˚irιi,˚ “ epN
rιiq X p´q
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whereN
rιi is the normal bundle torιi, and by Atiyah–Bott torus localisation

rιi,˚ :
à

i

H‚

ApT ˚Pni´1
q bH‚pBAq FracH‚

pBAq
„

Ô H‚

ApT ˚Pn´1
q bH‚pBAq FracH‚

pBAq : rι˚i

is an isomorphism.

To be explicit, we have in the Grothendieck group of vector bundles on Pn´1 that

rT pT ˚Pn´1
qs “ rTPn´1s ` rT ˚

Pn´1s “ nrOp1qs ` nrOp´1qs ´ 2rOs

whose Euler class is thus

epT pT ˚Pn´1
qq “ pxq

n
p´xq

n
“ 0 P H‚

pPn´1
q » H‚

pT ˚Pn´1
q.

However, in the equivariant Grothendieck group KA
0 pPn´1q, we have

rT pT ˚Pn´1
qs “

r
ÿ

i“1

nirOp1q b χis ` nirOp´1q b χ´1
i s ´ 2rOs

where χi is the character of A corresponding to the i-th factor, and so its Euler class is

eApT pT ˚Pn´1
qq “

rl

i“1

px` aiq
n
p´x´ aiq

n
P H‚

ApPn´1
q » H‚

ApT ˚Pn´1
q » Cra1, . . . , ar, xs{xn.

Likewise, the normal bundle is

eApNT˚Pni´1ãÑT˚Pn´1q “
l

j‰i

px`ajq
n
p´x´ajq

n
P H‚

ApPni´1
q » H‚

ApT ˚Pni´1
q » Cra1, . . . , ar, xs{xni .

Note that elements of

H‚

ApT ˚Pn´1
q bH‚pBAq FracH‚

pBAq “ Cpa1, . . . , arqrxs{xn

are rational functions
fpa1, . . . , ar, xq

gpa1, . . . , ar, xq

where the leading term of g is not nilpotent, i.e. contains no x’s.

what are the restriction maps i˚?

4.9.9. General Grassmannian case. Note that Grpk, nq admits a canonical short exact sequence of vec-
tor bundles

0 Ñ Vpkq
Ñ O‘n

Ñ O‘n
{Vpkq

Ñ 0

where Vpkq is the pullback of the tautological bundle on BGLk. The cohomology of Grpk, nq is gener-
ated by theChern classes ofVpkq andO‘n{Vpkq, with the relations givenby the coefficients of cpVpkqqcpO‘n{Vpkqq “

1.
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Lemma 4.9.10. The tangent bundle of the Grassmannian is computed in terms of

Grpk, nq Ñ BGLk

as HompVpkq,O‘n{Vpkqq, where Vpkq ãÑ O‘n is the pullback of the tautological bundle on BGLk and its
tautological inclusion into the rank n trivial bundle. The normal bundle to

ιi : Grpk,Wiq ãÑ Grpk,W q

isNιi “
À

j‰iHompVpkq,Wj b Oq.

Proof. We have an Euler sequence

0 Ñ HompVpkq,Vpkq
q Ñ HompVpkq,W b Oq Ñ TGrpk,nq Ñ 0

which both implies the first statement and may be used in conjunction with the same sequence for
Grpk,Wiq to compute the normal bundle using

0 Ñ Nιi Ñ TGrpk,W q|Grpk,Wiq Ñ TGrpk,Wiq Ñ 0.

l

Corollary 4.9.11. The Euler class of the normal bundle toNιi is

epNιiq “ p´epVpkq
qq
n´ni .

The equivariant Euler class is

eGLwpNιiq “
l

j‰i

p´epVpkq
qx

pjq

1 ¨ ¨ ¨ xpjq
nj

q

where xpjq

1 , . . . , x
pjq
nj are the Chern roots of the maximal torus of GLnj

acting onWj .

Attracting sets.

. Consider the action of A “ Gm on Cn “ Cn1 ‘ Cn2 given by

a ¨ pv1, v2q “ pav1, a
´1v2q.

Then unless a k-plane intersectsCn1 , its a Ñ 0 limit will be a k-plane inCn2 . Note that if a fixed point
p P Pn´1 is attracting, then it will be repelling in its cotangent fibre T ˚

p Pn´1, and vice versa. Thus

T ˚Pn1´1 T ˚Pn2´1

T ˚Pn´1

Pn´1

N˚
T˚Pn1´1 N˚

T˚Pn2´1
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Thus

rAttrfT ˚Pn1´1
s “ rPn´1

s ` rN˚
Pn2´1s

rAttrfT ˚Pn2´1
s “ rN˚

Pn2´1s.

Likewise, consider the action of A “ Gm on Cn “ Cn1 ‘ ¨ ¨ ¨ ‘ Cnr given by

a ¨ pv1, . . . , vrq “ pav1, a
2v2, . . . , a

rvrq

or more generally any sequence of increasing weights.

T ˚Pn1´1 T ˚Pn2´1 T ˚Pnr´1

T ˚Pn´1

Pn´1

N˚
T˚Pn1´1 N˚

T˚Pn2´1 N˚
T˚Pnr´1

¨ ¨ ¨

and so

rAttrfT ˚Pn1´1
s “ rPn´1

s ` rN˚,´

Pn2´1,´
s ` rN˚,´

Pn3´1,´
s ` ¨ ¨ ¨ ` rN˚,´

Pnr´1,´
s

rAttrfT ˚Pn2´1
s “ rPn´n1´1

s ` rN˚,´

Pn3´1s ` ¨ ¨ ¨ ` rN˚,´
Pnr´1s

...

rAttrfT ˚Pnr´1
s “ rN˚,´

Pnr´1s

whereN˚,´ is the A-attracting part of the conormal bundle.

4.9.12. We now consider the pair attracting space inside pT ˚Pn´1qA ˆ T ˚Pn´1.

4.9.13. Inside pT ˚P1qGm ˆ T ˚P1, the pair attracting space coincides with a disjoint union of the
attracting spaces

0 ˆ Attrf0 \ 8 ˆ Attrf8 » pP1
Y N˚

8q \ N˚
8

since the fixed points are isolated, but in general they differ.

Stable envelopes.
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Cohomology. Let us take A “ Gm acting on T ˚P1 as before, and take

GA “ CApGL2q “ Gm,ℏ ˆ A “ T

be the maximal torus in GL2. Note that

H‚

GA
pT ˚P1

q “ H‚

ApP1
q b H‚

Gm,ℏ
pptq “ Cra, xs{px ` aqpx ´ aq b Crℏs.

To see the second equality, note that

P1
{A “ pA2 ∖ 0q{Gm1,1 ˆ A1,´1

characterises pairs of line bundles L,LA with a nonwhere vanishing section of L b LA ‘ L b L´1
A .

In particular, the Euler class of this bundle is zero, so writing x “ c1pLq and a “ c1pLAq, we have
px ` aqpx ´ aq “ 0.

Finally, the fully equivariant Euler classes of these line bundles are

eGA
pLq “ x ` ℏ, eGA

pLAq “ a ` ℏ.

Likewise of course,

H‚

GA
ppT ˚P1

q
Gmq “ Cra, ℏs ‘ Cra, ℏs

corresponding to the point 0,8. Note that the class x pulls back as

x ÞÑ pa,´aq.

4.9.14. Let us now compute the stable envelope inside

H‚

GA
ppT ˚P1

q
Gm ˆ T ˚P1

q “ pCra, ℏ, xs{px ` aqpx ´ aqq ‘ pCra, ℏ, xs{px ` aqpx ´ aqq

where the first summand corresponds to the A-fixed point 0 and the second to 8.

Recall that it is uniquely defined by a map

StabC : H‚

TppT ˚P1
q
A

q Ñ H‚

TpT ˚P1
q,

such that for any component tzu Ď pT ˚P1qA and γ P H‚

Tptzuq,

(1) StabCpγq is supported on AttrfCtzu,

(2) StabCpγq|tzu “ ˘epN´
z,Cq Y γ,

(3) degA StabCpγq|z1 ă 1
2
codimtz1u for all downstream tz1u ă tzu.

To explain the above, if i : Attrftzu ãÑ T ˚P1 is the inclusion, a cohomology class is supported on
Attrftzu if it is in the image of

i˚ : Γpi˚i
!kq Ñ Γpkq.
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If Attrftzu “ \Zk splits into smooth irreducible closed components with regular closed embeddings
ik of codimension ck , this agrees with the image of

pik˚q :
à

k

Γpik,˚i
!
kkq »

à

k

Γ‚`2ckpZk, kq Ñ ΓpT ˚P1, kq

if in the distinguished triangle

i12˚i
!
12k Ñ i1˚i

!
1k ‘ i2˚i

!
2k Ñ i˚i

!k Ñ

where i12 is the inclusion of the intersection of the two components, the first map is injective on co-
homology, which is the case for us. Recall that i˚kik˚p1q “ epNikq is the Euler class of the normal
bundle.

For instance, Attrf0 “ P1 Y N˚
8 has

H˚
GA

pAttrf0q “ H˚
GA

pP1
q ‘H˚

GA
pptq H˚

GA
pN˚

8q » kra, x, ℏs{px ` aqpx ´ aq ‘kra,ℏs kra, ℏs.

The normal bundle to P1 ãÑ T ˚P1 » Op1q is the cotangent bundle, which has Euler class epT ˚P1q “

a´ℏ, and the normal bundle toN˚
8 ãÑ T ˚P1 is trivial withGm,ℏ-weight´ℏ, so epNN˚

8ãÑT˚P1q “ ´ℏ.

Next, Attrf8 “ N˚
8 which as before has epNN˚

8ãÑT˚P1q “ ´ℏ.

Lemma 4.9.15.

The only such one is for zi, zj P t0,8u that

Stab˘Cpziq|zj P

#˜

´a ´ ℏ
´ℏ a

¸

,

˜

´a ´ℏ
a ´ ℏ

¸+

so thatRpaq “
1´ ℏ

a
σ0,8

1´ ℏ
a

acting on H‚

ApXAq “ C ‘ Cpuq “ H‚p0q ‘ H‚p8qpuq.

rStabCp0qs “ rP1
s ` rT ˚

8P
1
s, rStabCp8qs “ ´rT ˚

8P
1
s.

and for the other chamber,

rStab´Cp0qs “ ´rT ˚
0 P

1
s, rStab´Cp8qs “ rP1

s ` rT ˚
0 P

1
s.
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5. Discussion on the qKZ equations and quasimaps

5.1. Differential and difference equations.

5.1.1. Recall themapping stack of maps f : X Ñ Y over a base schemeB is the stack MapsBpX, Y q

such that for any test scheme S,

MapsBpX, Y qpSq “ MapsBpX ˆ S, Y q.

Likewise, the tangent bundle of a smooth schemeX is

TX “ MapsXpSpecCrϵs{ϵ2 ˆ X,Xq

which has a natural map TX Ñ X and action TX ˆX X Ñ X given by evaluating at the ideals p0q

and pϵq respectively.

Lemma 5.1.2. TidMapsXpX,Xq “ TidAutpXq “ TX .

Proof. For the first statement involvingMapspX,Xq this is tautological, and for the secondwe use that
AutpXqpSq “ MapspX,XqpSq ˆMapspX,Xqpkq AutpXqpkq. l

Recall that the stack quotient of a stackX by the action of a groupG, both defined over a base B, is
the homotopy pushout

G ˆB X X

X X{G

π2

act

and a G-equivariant sheaf on X is a sheaf on the stack quotient X{G. In other words, it is a sheaf F
onX along with an isomorphism φg,x : Fx

„
Ñ Fg¨x for any g P G and x P X , satisfying the cocycle

condition
φg2,g1¨x ¨ φg1,x “ φg2g1,x.

5.1.3. Grothendieck’s crystals. LetX be a smooth scheme, and consider the formal groupG “ exppTXq

of jets onX . This is a formal group scheme overB “ X acting onX , and we can take the quotient

eTX ˆX X » eTX X peϵξ, xq x

X X{eTX eϵξ ¨ x

π2

act

Lemma 5.1.4. Let V be a vector bundle overX . A G-equivariant structure, i.e. a lift of the action onX to
V , is equivalent to a flat connection∇ on V .

In this case theG-equivariant structure becomes the parallel transport isomorphism

φv,x : Vx
„
Ñ Vx`ϵv,
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corresponding to the action of v P TX,x satisfying the cocycle condition. A flat section f P ΓpX, V q

is then equivalent to aG-equivariant section.

5.1.5. Example. For instance, whenX “ A1 and V “ O,

eϵBz ¨ fpzq “ fpz ` ϵq

by Taylor’s Theorem. continue on example

Definition 5.1.6. Let V be a vector bundle over a smooth schemeX .

5.1.7. Example: automorphisms. LetX be a scheme acted on by a groupG and consider Z » gZ acting
onX . Then a sheaf onX{gZ is a sheaf F with compatible isomorphisms

F » pgnq
˚F (15)

for every n P Z.

5.1.8. Example. We can consider G “ Z acting onX generated by automorphism q, in which case a
G-differential equation is just a quasicoherent sheafM along with compatible automorphisms

q˚M » M.

Examples of this are whenX it itself a group and the automorphism is action by a point q P X .

For instance, ifV “ V bOX is the trivial vector bundle, then the sections consist of functions consist
of functions fpxq with

q ¨ fpxq “ fpqxq “ fpxq.

5.1.9. Example: groups. Wewant to globalise the above construction,making g vary overG “ AutpXq.
We form

pX ˆ Gq{Z Ñ G

where n P Z acts as n ¨ px, gq “ pgn ¨ x, gq. A sheaf on the quotient coming from

We form

pX ˆ Gq{G

LetX “ G be a group, with an action of itselfG “ G. Then the group scheme overX given by

GG “ G ˆ G
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5.1.10. Example. We can contruct “mixed” examples as follows. Say a two dimensional torus T »

Gm ˆ Gm acts onX , and v “ p1, 0q P t and q “ p1, tq P T . Then we can take

G “ exppO ¨ vq ˆ Z ¨ q.

Loosely speaking, a G-differential equation is a connection along the flowlines of action of the first
Gm, and a difference equation along the second.

For instance, take the universal curve

π : E Ñ M1,1

and consider both:

‚ an automorphism `p on Eτ given by adding a point, (we need to specify a point, i.e. work with
M1,2, or quotient by all of AutpEτ q),

‚ vector fields on the base, TM1,1 .

In particular, we have that

EdR “ E{ppZ ˆ exppπ˚TM1,1qq

and soM P QCohpEdRq corresponds to a quasicoherent sheaf with an action of differential operators
on the base and an automorphism of the fibre. In an important example ofM in [FTV3], these are
called the heat equation and the qKZB equation, respectively.

5.1.11. The picture of all cubic curves.
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E
C{Z ` τZ “ pC{Zq{qZ “ Cˆ{qZ q “ e2πiτ

`plim
qÑ0

Cˆ{qZ

q “ 0

cusp
Ga

q “ 1

node
Gm

ˆe2πip `p

1
q

B

Bq
“ B

Bτ
“ B

Bz

M1,1

Mcub “ M1,1 Y tcuspu

Pp4, 6qz “ M1,1 “ pHτ Y PpQqq{PSLp2,Zq

The variants of the qKZ equations are all equivariance with respect to various automorphisms of the
universal curve E. The vector fields Bz (should be Bz?) are gauge fields coming from the fact that the
HT theory depends holomorphically on the curve’s moduli. The discrete automorphism by Z is given
by the fact that we are evaluating the HT theory on the quotient of the HT manifold

pR ˆ Eq{Z Ñ Mcub.

The q “ 1 limit gives the multiplicative KZ equation, and the exponential map

exp : C Ñ Cˆ
Ď Enode

gives the additive qKZ equation.

In physics, pp, e2πipq is usually written pℏ, qq, but this is not the same as the q above so we do not to
avoid confusion. In particular, there are four limits one can consider

q Ñ 0 q Ñ 1

ℏ Ñ 0

ℏ Ñ 8
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where the q limits correspond toGa andGm formal group laws;6 note that we have a family of formal
group laws overMcub, induced by the relative pointed curve E.

5.2. Digression: loop spaces and HKR.

5.2.1. The derived loop space of a schemeX is

LX “ X ˆXˆX X

whose algebra of functions is Hochschild chainsOpXq bL
OpXˆXq

OpXq.

5.2.2. Example. For instance, ifX “ SpecCrxs, then we computeOpLXq “ Crxs bL
Crx,ys

Crxs using
the Koszul resolution of Crxs as a Crx, ys-module,

OpLXq “ pCrx, ys
¨y
Ñ Crx, ysq bCrx,ys Crxs » Crxs ‘ ϵ ¨ Crxs

where the first summand is generated by 1 b 1 and the second by the degree 1 element ϵ “ y b 1. As
an Crxs-algebra, this satisfies ϵ2 “ 0, and so

OpLXq » ^
‚

CrxsTCrxs

is the algebra of polyvector fields onX .

5.2.3. Note that we have

OpLGaXq “ MapspBGa, Xq “ ^
‚
XLX

is the de Rham complex without the differential, and by [BN12, Thm. 1.3] the differential is encoded
by the translation action of BGa. In particular, we have by [BN12, Thm. 1.5] that if X is a smooth
underived scheme, an equivalence to the category of equivariant sheaves

p^
‚
XT

˚
X , ddRq-Mod » QCohS1 pLGaXq » QCohBGa

pLGaXq . (16)

Given this, we use the Koszul duality

p^
‚
XT

˚
X , ddRq » DpXq

to conclude that all of (16) is equivalent to the categoryD-ModpXq.

To understand where the VectpXq-action comes from, note

pSym‚TX , 0q-Mod KD
» p^

‚
XT

˚
X , 0q-Mod » QCoh pLGaXq (17)

and the TX-action on the right turns into the vector field action after we turn on the de Rham differ-
ential.

Thus, if we want to consider difference, multiplicative difference or kZB heat equations instead of dif-
ferential equations, we need to first generalise (17). The right side has been generalised to arbitrary
(algebraic) curvesC replacingGa, by [BK25]. However the defintion is the same forGa,Gm, E ifX is

6See https://www.math.wustl.edu/~matkerr/436/ch17.pdf

https://www.math.wustl.edu/~matkerr/436/ch17.pdf
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a scheme, so it is expected that we need to consider the analytic curvesGa{Zℏ,Gm{qZ,E{ZˆZwhere
E is the universal elliptic cure.

5.3. Background: quantum cohomology and quasimaps.

5.3.1. Cohomology. LetX be a topological space. We can consider the cup product onH‚pXq as arising
from the following singular cobordism Σ » pt between pt \ pt and pt. Namely, consider maps from
Σ intoX :

f

X

Σ

This induces for us a correspondence

MapspΣ, Xq

X ˆ X X

pq

which is homotopic to the ordinary diagonal correspondenceXˆX Ð X Ñ X , and so the pull-push
map

p˚q
˚ : H‚

pXq b H‚
pXq Ñ H‚

pXq

gives the cup product.

5.3.2. Quasimaps and Deligne–Mumford stacks. Let us now considerX “ Y {{θG a GIT quotient, and
let Σ be a prestable curve: one with only nodal singularities and a unique connected component, see
[St25, 0E6S].
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f

X

Σ

There is nowan entire stackMapspΣ, Xqof such curves andof suchmaps,moreover the spaceMapsβpΣ, Xq

with a fixed image of rΣs P H2pΣq. We define two substacks

MΣpX, βq Ðâ MΣpX, βq ãÑ MapsβpΣ,Xq
˝

Ðâ QMapsβpΣ, Xq

whereX “ Y {G is the stack quotient.

Definition 5.3.3. (Ciocan–Fontanine–Kim–Maulik) LetX “ Y {{θG be a GIT quotient. A quasimap
from a pointed curve pΣ, p1, . . . , pnq is a map

f : Σ Ñ Y {G

such that the inverse image of Y s{G is dense. It is called stable if all nodes and marked points are
mapped to Y s{G, and7 if ωΣpp1 ` ¨ ¨ ¨ ` pnq b f˚Lϵ

θ is ample for every positive rational ϵ, where Lθ

is the line bundle on Y {G corresponding to the character θ.

If Y is affine andG reductive the space of quasimaps is proper.

Lemma 5.3.4. IfX is a Nakajima quiver variety, then QMapsp1,...,pnpΣ, Xq is a scheme.

5.3.5. Quantum cohomology. Next, we consider the Deligne–Mumford stack

M0,3pXq

of stablemaps from genus zero curves with threemarked points into a smooth proper complex scheme
X . Here, we have a genuinemap toX , which is fixed, and we allowΣ to vary. The quantum cohomology
is

QHT pXq “ H‚

T pXqrrqH
2pX,Zq

ss

with product Yq defined by pull-pushing along

7This last point ensures separatedness
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M0,3pXq

X ˆ X X

pq

Note that the conditions onX imply that p is smooth and proper as amap ofDeligne–Mumford stacks,
so we can push forward along it. The connected components of M0,3pXq are labelled by the degree
deg f P H2pX,Zq, and so we set

α Yz β “
ÿ

dPH2pX,Zqą0

zdpd,˚pq˚
d pα b βqq

where qd and pd are the restrictions of q and p to the degree dth component.

5.3.6. σ-twisted quasimaps. Let G act on X and let σ : Gm Ñ G be a cocharacter. We define the
X-bundle over P1

X8 X„ “ ppC2 ∖ 0q ˆ Xq{Gm X0

8 P1 0

Note that its total space inherits an action of G„ “ G ˆ Cˆ
ϵ on X„, Cˆ

ϵ acts by scaling the second
factor of C2.

The shift operator is

Spσq : H‚

G„pX0q Ñ H‚

G„pX8qrrqH2pX„;Zq
ss

given by pull-pushing along the roof of

M„pXq

X0 X8

M0,2pP1, X„q

X„ X„

summing over classes inH2pX
„;Zq pushing down to rP1s P H2pP1;Zq.

5.4. The qKZ equation (Frenkel–Reshetikhin).

5.4.1. LetV1, . . . , Vn be finite-dimensional representations of g, or equivalently ofUℏpgq.8 Wedefine
the differential and difference equations on the trivial vector bundle V with fibre V1 b ¨ ¨ ¨ b Vn.

8In the non-formal case we need to begin with representations of Uqpgq.
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5.4.2. Warning. Although we use the same vector bundle on the same base, they play very different
roles in the two settings. In the KZ equations, it is the fibre

Vx1,...,xn “ V1 b ¨ ¨ ¨ b Vn

which is a product of Uℏpgq-modules, whereas in the qKZ equations, it is (for Σ “ C,Cˆ) the space of
sections

ΓppΣn
q˝,Vq “ V1pz1q b ¨ ¨ ¨ b Vnpznqrpzi ´ zjq

´1
si‰j

which will be a product of Yℏpgq, Uℏppgq-modules formed by restriction along the family of evaluation
homomorphisms

evz : Yℏpgq, Uℏppgq Ñ Uℏpgq

depending on z, so that V pzq “ V b ΓpΣ,Oq and we localise away from the diagonals in Σn. When
Σ “ E we need to consider the sheaf V itself.

5.4.3. Warning. There is a Kazhdan–Lusztig equivalence of braided monoidal categories

Repf.d.Uqpgq » Repκpg

where q “ eπi{pκ`h_q, and the right hand side is identified with certain (smooth) modules for Uκppgq.
Under this equivalence, theKZ equations forUqpgq-modules are identifiedwith equations on the space
of pg-intertwiners between tensor products ofUκppgq-modules. It is thus a priori not obvious which side
one should generalise from. [FR92] takes the view of considering intertwiners ofUq1,κppgq-modules, i.e.
modules of level κ over the q1-deformed algebra.

5.4.4. Differential equations. LetΣ be a Riemann surface and

rpz1, z2q : pΣ ˆ Σq ∖ Σ Ñ g b g, i.e. rpz1, z2q P g b gpz1, z2q

is an antisymmetric function rpz2, z1q “ ´rpz2, z1q satisfying the classical Yang–Baxter equation:

rr12pz1, z2q, r13pz1, z3qs ` rr12pz1, z2q, r23pz2, z3qs ` rr13pz1, z3q, r23pz2, z3qs “ 0,

Here pz1, z1q “ OpΣ ˆ Σ ∖ Σq. We then we define the associated KZ equation on pΣnq˝ as the
vanishing of the set of differential operators on V:

∇i “ ℏ
ÿ

iąj

rijpzi, zjq ` Bzi ´ ℏ
ÿ

iăj

rijpzj, ziq

where tBziu is a commuting set of vector fields on pΣnq˝. We have used antisymmetry of r to write the
above in a form which will generalise better.

Lemma 5.4.5. (Belavin–Drinfeld) The above implies that Σ P tC,Cˆ, Eu is a one-dimensional algebraic
group, with

rpz1, z2q “
Ω

z1 ´ z2
, rpz1, z2q “

r̃z1 ` r̃21z2
z1 ´ z2

, rpz1, z2q “ rEpz1, z2q

respectively, where rEpz1, z2q is given in terms of elliptic functions on E as in [ES].
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Any such Σ admit a nowhere vanishing vector field, given by the translation action of the algebraic
group. The KZ equations in these cases are called additive, multiplicative and elliptic KZ equations,
respectively.

5.4.6. Difference equations. IfΣ is a Riemann surface and

Rpz1, z2q : pΣ ˆ Σq ∖ Σ Ñ Uℏpgq bℏ Uℏpgq,

i.e. for Σ “ C,Cˆ, an elementRpz1, z2q P pYℏpgq bℏ Yℏpgqqloc, pUℏppgq bℏ Uℏppgqqloc

is a function with leading term 1 b 1 ` Opℏq, and satisfying the spectral Yang–Baxter equation:

R12pz1, z2qR13pz1, z3qR23pz2, z3q “ R23pz2, z3qR13pz1, z3qR12pz1, z2q.

Lemma 5.4.7. Rpz1, z2q “ 1 b 1 ` ℏrpz1, z2q ` Opℏ2q where rpz1, z2q is a solution to the classical
Yang–Baxter equation.

We define the associated qKZ difference equation on pΣnq˝ by the set of difference operators

φi “
l

iąj

Rijpκipziq, zjq ¨ di ¨
l

iăj

Rjipzj, ziq
´1

where tκiu are a set of commuting automorphisms ofΣ and tdiu is a commuting set of automorphisms
on pΣnq˝ such that each di b dj commutes with Rij . We suggest di “ κi, assuming that all κi “ κ

agree andRij is automorphism-invariant: Rijpκpziq, κpzjqq “ Rijpzi, zjq.

5.4.8. Remark. Thus, the qKZ limits to theKZequation. This should follow from theBaker–Campbell–
Hausdorff formula, but we will not write out the details here.

5.4.9. Thus, a solution to the qKZ equations is a V1 b ¨ ¨ ¨ b Vn-valued function fpz1, . . . , znq such
that

fpz1, . . . , κipziq, . . . , znq “ φipfpz1, . . . , znqq

for each i.

5.5. Construction of solutions to qKZ using quasimaps.

5.5.1. Computation of the qKZ equation in terms of quiver varieties [MO12, 1.4.5]. Let Xσ be the fixed
points of a quiver variety with respect to a character σ : Cˆ Ñ Gw.

Proposition 5.5.2. [MO12, 1.4.5] Then the qKZ equation on pCˆq2˝ on two tensor factors is

Ψpt ` σq “ p´1q
1
2
codimXσ

pqv b 1qRσ ¨ Ψptq

as a H‚

TpXσq b Qpqβq-valued function of t P t, whereRσ is theR-matrix of the chamber σ.
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5.5.3. Computing a solution. We pick an explicit element, called the capping operator. First we consider

QMapdC,p1,p2pXq

X X

ev1ev2

for a fixed curve C with marked points p1, p2 and d P H2pX,Zq. When C “ P1 andX are acted on
by Cˆ

q “ AutpP1, 0,8q, we define the capping operator

Jpu, zq “
ÿ

d

zd ¨ pev1 ˆ ev2q˚ppOvirq P KGˆCˆ
q

pXq
b2
loc b Qrrzss

where z are the Kahler variables, u P G are equivariant variables, and we define the pushforward using
torus localisation.

LetX be a quiver variety and σ : Cˆ Ñ Gw be a cocharacter.

Theorem 5.5.4. [Ok15, Thm. 8.2.20] The capping operator satisfies

Jpqσuq “
Spσq

Epσq
¨ Jpuq

where Epσq is some torus localisation term, and moreover, Spσq{Epσq is the qKZ difference operator.

Proof. Write

Epσq “
edge term for fσ

pedge term for f0q|uÞÑqσu

where fσ : Σ Ñ Xσ is a constant map to some x P Xσ .

Skip this, come back to this in edit/v2

l

5.6. ADrinfeld–Kohno theorem for qKZ?.

5.6.1. A Drinfeld–Kohno Theorem for Uqppgq was announced but not proven by Gautam–Toledano-
Laredo.

5.6.2. What is the structure on RepUqppgq? Remark that we want the limit as z Ñ 0,8 to define an
ordinary braided monoidal category, [FR92, p.49].

5.7. Casimir connections.
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5.7.1. If g is a finite-dimensional simple Lie algebra over the complex numbers, we have two natural
vector spaces on which things are defined:

(1) Cn, the base of the KZ equations,

(2) t, the Cartan.

Likewise, ifMpv, wq is a quiver variety, we have two natural groups:

(1) the gauge group Gw,

(2) the picard group PicpMpv, wqq.

Note that these are related by Cn “ SpecH‚

Gw
pptq and t “ H2pMpv, wq,Cq.

It turns out thatwe have a flat connection on the productCnˆt. In otherwords, we have a connection
on t which commutes with the relevant KZ connections on Cn.

5.7.2. Differential equations case. The Casimir connection over treg “ t∖ YαP∆Hα is a flat connec-
tion on the vector bundle V “ V b O whose fibre is a single representation of Uℏpgq, namely

∇ “ d ´ ℏ
ÿ

αP∆`

dα

α
Ωα

whereΩα P Sym2g is the Casimir element for the 2-triple corresponding to α. It is flat and commutes
with the KZ connection on Cn.

This gives an action of the quantum Weyl group on the fibre V .One can consider the KZ-Casimir
connection on pCnq˝ ˆ treg , and the monodromy of this gives an action of the affine braid group on
V .

5.7.3. Consider the Casimir connection (alias Dubrovin connection or quantum differential
equation) given by

∇λ “
d

dλ
´ λ Yℏ p´q : H‚

GpXq Ñ H‚

GpXq b Qpqβq

where d
dλ
qβ “ xλ, βyqβ and Yℏ is the quantum cup product, and λ P H‚

GpXq. We likewise define

∇σ
λ “ Stab´1

` ∇λStab` : H‚

TpXσ
q Ñ H‚

TpXσ
q b Qpqβq

as opposed toRσ “ Stab´1
´ Stab`.

Theorem 5.7.4. [MO12, Thm. 9.3.1] LetX be a symplectic resolution such that σ preserves ω and is minis-
cule, i.e. ΓpX,OXq is generated by functions of σ-weight in t´1, 0, 1u. Then we have

Stab´1
` Spσq

loomoon

defined using quantum cohomology

Stab` “ p´1q
1
2
codimXσ

pqv1 b idqRσ,8
loooooooooooooooomoooooooooooooooon

qKZ difference operator

whereRσ,8 P EndH‚

G„pXσ
8q b Qpg„q is theR-matrix for the action of σ onX8.
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This implies [MO12, Thm. 1.4.1] that

Corollary 5.7.5. Stab´1
` SpσqStab` commutes with the qKZ difference connection

Ψpt ` σq “ ˘qζRσΨptq

whereRσ is theR-matrix for the action of σ onX .

5.7.6. Shift operators and quantum multiplication.

Theorem5.7.7. [MO12, §8.3] The ϵ “ 0 specialisation ofSpσq can be idenified with quantummultiplication
by

Spσq|ϵ“0p1q P H‚

GσpXqrrqH2pX;Zq
ss

5.7.8. Example. For quiver varieties,Xσ “
Ů

Mpv, wq ˆ Mpv1, w1q and qζ “ qv b 1.

From the Theorem above about stable envelopes and quantummultiplication commuting, the above
gives:

Corollary 5.7.9. pqv b 1qRpuq coincide with quantum multiplication.

5.7.10. Danilenko’s Theorem. Pick aWeyl chamberC Ď h Ď g. This gives a choice of CasimirΩ, hence
of a trigonometric KZ connection

∇KZ
i “ ziBzi ` hi ` ℏ

ÿ

i‰j

ziΩij,C ´ zjΩji,´C

zi ´ zj

on Cn
loomoon

H2
T pptq

ˆh ˆ Cℏ, where hi P h.

Theorem 5.7.11. [Da20] ForG simply laced the map

pVλ1 b ¨ ¨ ¨ b Vλnqµ
„
Ñ HBM

T,‚pMT
Cq

StabC
Ñ HBM

T,‚pMCqT´loc

of vector bundles over Cn ˆ h intertwines

∇KZ
i , and c1pEiq˚

zi, and qei

where Vλ is irreducible finite dimensional with highest weight λ.

Here, T is the framing torus andH is the internal torus.

General principle. We have taken cohomology twice,

HBM
T,‚pMCq “ HBM

T,‚pSpecHBM
‚

pBz,mqq

and therefore we can try to apply any pair of cohomology theories:

A‚

T pB‚

HpBzqq
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and recall that cohomology theories are labelled by one-dimensional formal groups:

C Cˆ E (Σ)

C
Cˆ

E

KZ
qKZ

qKZB heat

There is also critical cohomology versions.



PART II

ENUMERATIVE GEOMETRY AND
WALL-CROSSING
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6. Plan

6.1. Lecture 1 and 2: Hall algebras and DT invariants. Go back and edit this as necessary to re-
spond to background needed for Lectures 3-6.

6.1.1. Big picture. Explain what structure we expect attached to a CY3.

6.1.2. Pre-CoHA. Motivic Hall algebras attached to pQ,W q, relation to Joyce’s motivic Hall algebra,
Reinecke’s Poisson algebra, finite Hall algebra over Fq .

K‚pXq HBM
‚

pXq

Q|#XpFqq| K0pStk{Xq

ch

Trace of Frob stuff

|#YpFqq|

f!p1Yq
f˚pOYq

Computation in preprojective case.

Motivic Milnor function.

Behrend function, example HilbnpC3q and MacMahon

Integration maps (e.g. Joyce’s to K0pCohpMqq).

6.1.3. CoHAs and KHAs. Decomposition as a product over the Harder–Narasimhan strata, and the
characters as relation to the DT invariants.

BPS Lie algebra, PBW and cohomological integrality.

6.2. Lecture 3 and 4: Kontsevich–Soibelman wall-crossing and cluster varieties.

6.2.1. Collect the different definitions of wall crossing structure and stability data.

Define the motivic Hall algebra.

Definition 6.2.2. (Definition of stability data)

Definition 6.2.3. (Definition of wall-crossing structure)

Theorem 6.2.4. (Existence of motivic DT invariants) For any stability condition Z and sector V , there
are invariants AHallV and AmotV , and a homomorphism called the integration map

Φ : pHpCq Ñ pRpCq

such that ΦpAHallV q “ AmotV .

Theorem 6.2.5. (Relation to cluster coordinates)

6.3. Lecture 5 and 6: Gromov–Witten invariants, scattering diagrams, Bridgeland–Joyce con-
jectures.
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7. Calabi–Yau categories

Let C be a monoidal Calabi–Yau-three dg category.

(1) Due to Costello https://arxiv.org/pdf/math/0412149, there is a two-dimensional TQFT–the
B model of strings inside C–whose value on the circle is the Hochschild homology

ZpS1
q “ HH‚pCq.

The product structure on this is given by the tensor product b on C. This theory is meant to
be mirror to the Gromov–WittenAmodel, and works for any Calabi–Yau-n category.

(2) When n “ 3, coming from short exact sequences in C

ExtC

C ˆ C C

we get algebra structures on many vector spaces attached to C, such as HH‚pCq.

(3) There are notions of stable objects in extemporise

(4) Explain why things are critical loci.

https://arxiv.org/pdf/0804.1274 is an excellent review

7.1. Calabi–Yau categories.

Definition 7.1.1. A Calabi–Yau n category is a dg category C with a symmetric non-degenerate
pairing of degree n on the morphism dg vector spaces:

RHomCpc, dq » RHomCpd, cq_
rns.

7.1.2. Example. IfX is a smooth proper CY3, then its dualising sheaf ωX » OX is trivial, and Serre
duality gives a pairing of the form above on DbCohpXq, so DbCohpXq is a CY3 category.

7.1.3. Example. Matrix factorisations are the categorified version of vanishing cycles for a function
W : Y Ñ k on a separated scheme of finite type Y over k.

Definition 7.1.4. The category ofmatrix factorisationsMFpY,W q has objects

E0
δ0
Ñ E1

δ1
Ñ E0

a Z{2-periodic complex of coherent sheaves on Y such that δ2 “ W ¨ id, modulo the subcategory of
exact triples, and morphisms are maps of Z{2-periodic complexes.

Theorem 7.1.5. https://arxiv.org/pdf/1101.5834, 8.3.4. If Y is a smooth scheme of dimension n with a
nonvanishing top dimensional volume form, thenMFpY,W q is a Calabi–Yau-n category.

https://arxiv.org/pdf/math/0412149
https://arxiv.org/pdf/0804.1274
https://arxiv.org/pdf/1101.5834


82 ALEXEI LATYNTSEV

7.1.6. Remark. In physics https://arxiv.org/pdf/1604.05365 the Calabi–Yau structure on matrix fac-
torisations was introduced by Kasputin–Li. Let f be a function on affine open subset X Ď Cn with
isolated critical points whose only critical value is zero. Then consider a trivial Z{2-graded vector
bundle with an odd endomorphismD satisfyingD2 “ f ¨ id. Then the Calabi–Yau-n structure can be
viewed as a pairing

θ : ExtnMFpX,fqpx, xq Ñ C

which is equivalent to the above by applying x “ c ` dr‚s. The Kasputin–Li formula is

θpΦq “
1

n!

ÿ

pPCritf

Resp
trpdDqnΦ

B1f ¨ ¨ ¨ Bnf

7.1.7. Example. LetQ be a quiver and letW P CQ{rCQ,CQs, which we call a potential. There is a
unique representativeW P CQ which is cyclic, i.e. a linear combination of cyclic paths inQ, e.g.

W “ e0e1e2 ` e1e2e0 ` e2e0e1

for a cycle of length three inQ with edges ei. We can then define the Jacobian algebra

JacpQ,W q “
CQ

xBW {Be : e P Q1y

where BW {Be is formed by formally removing e from each word.

7.2. Various operations on categories.

7.2.1. Explain the philosophy

7.2.2. Moduli stack of objects. If C is a dg category, there is an Artin stack (locally of finite type if C is
finite type)MC whose k-points are identified with objects in C:

MCpkq “ ObpCq

and more generally,MCpRq “ HomdgCatpC
op, PerfRq on a general k-algebraR. The assignment C ÞÑ

MC is visibly contravariant, and has a left adjoint given by taking Perfp´q. Prop 3.4 https://arxiv.org/
pdf/math/0503269

Theorem 7.2.3 ([PTVV; BBBJ]). If C is a CY3 dg-category (with appropriate finiteness, so thatMC exists
as a derived Artin stack), then etale-locally there is an equivalence of d-critical stacks

MC » CritpW q

for some regular functionW : Y Ñ C on a smooth scheme Y.

7.2.4. Example. Themoduli stack of the Jacobi algebra is given as follows. We have the smoothmoduli
stackMQ of quiver representations, and a function

trW : MQ Ñ C, V ÞÑ trVW.

ThenMJacpQ,W q-Mod » CritptrW q.

https://arxiv.org/pdf/1604.05365
https://arxiv.org/pdf/math/0503269
https://arxiv.org/pdf/math/0503269
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7.2.5. (Critical) K theory.

7.2.6. Toymodel: constructible functions and Fq-points. Given a stackX defined overZ, wemay consider
the ring of functions

f : Xpkq Ñ Λ

valued in a ring Λ, which is constant on a locally closed stratification of Xk. In what follows we will
make this notion precise for k “ C, Fq . In the latter case, the groupoid XpFqq is often finite, in which
the ring of such functions is simply a function on the Fq-points.

7.2.7. Grothendieck group of stacks. Assume all stacks are locally of finite type over C and with affine
stabilisers.

Definition 7.2.8. For X a stack, KpStk{Xq is the abelian group spanned by stacks of finite type over
Xmodulo the following relations:

(1) rY1 \ Y2s “ rY1s ` rY2s,

(2) rY1s “ rY2s if there is a map f : Y1 Ñ Y2 overX giving a bijection on C-points,

(3) rY1s “ rY2s whenever Yi Ñ X are Zariski fibrations with the same fibres.

The second condition collapses to equivalence many different stacks, for instance

rPns “ Ln´1
` Ln´1

` ¨ ¨ ¨ ` L ` 1

where we write L “ A1
X and 1 “ ptX. In the same way, we have that rYs “ rUs ` rZs whenever

Y “ U \ Z is a union of complementary open and closed substacks, and more rYs “
ř

rYis for any
stratification.

The space of stack functions on Y relative to a ring homomorphism KpStk{Cq Ñ Λ is

KpStk{Yq bKpStk{Cq Λ,

and has an interpretation due to Bridgeland and Joyce as the vector space on certain functions f : Y Ñ

C.

Lemma 7.2.9. For any map f : X Ñ X1,

(1) there is a map f˚ : KpStk{Xq Ñ KpStk{X1q given by composition with f ,

(2) if f is of finite type, there is a map f˚ : KpStk{Xq Ñ KpStk{X1q given by fibre product.

Moreover, these are compatible with composition and base change.

In particular, applying this to the diagonal map we get that

Corollary 7.2.10. KpStk{Xq is a commutative algebra with respect to ˆX.
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7.2.11. Hochschild homology. Consider any symplicialmodule: a sequence ofk-vector spacesk-vector
spaces

¨ ¨ ¨ M2 M1 M0

with face di :Mn Ñ Mn´1 and degeneracy si :Mn´1 Ñ Mn maps satisfying

didj “ di´1dj, sisj “ sj`1si disj “

$

’

’

&

’

’

%

sj´1di if i ă j

id if i “ j, j ` 1

sjdi´1 if i ą j ` 1

.

The (Hochschild) homology of the simplicial moduleM‚ is the cohomology of

¨ ¨ ¨
d

Ñ M2
d

Ñ M1
d

Ñ M0

where d “
řn
i“1p´1qidi.

7.2.12. Example. Let X be a topological space andMn “ C ¨ tMapsp∆n, Xqu be the vector space
spanned by n-chains inX . The Hochshild homology agrees with the homology ofX .

7.2.13. Remark. Inwhat follows, wewill have examples coming fromMn “ C ¨tMapsp∆nˆS1, Xqu,
where the loop parameter acts by

t : px0, . . . , xn, θq ÞÑ px1, . . . , xn, x0, θ ` x0q.

The Hochschild cohomology is H‚pLXq, but there will be three relevant cohomology theories,

π‚pC‚pLXq
S1

q Ñ π‚pC‚pLXq
tS1

q Ñ HS1

‚
pLXq

given by invariants, the Tate construction, and coinvariants (which is equivariant homology).

7.2.14. Cyclic homology. The definition of cyclic homology and its variants due to Loday https://www.
math.univ-paris13.fr/~vallette/GdT/Cyclic%20Homology%20-%20Loday.pdfwasmade for any cyclic
module: a sequence of k-vector spaces

¨ ¨ ¨ M2 M1 M0

Z{3“xty Z{2“xty

with face di :Mn Ñ Mn´1 and degeneracy si :Mn´1 Ñ Mn maps satisfying

didj “ di´1dj, sisj “ sj`1si disj “

$

’

’

&

’

’

%

sj´1di if i ă j

id if i “ j, j ` 1

sjdi´1 if i ą j ` 1

dit “

$

&

%

´tdi´1 if i ą 0

p´1qndn if i “ 0
, sit “

$

&

%

´tsi´1 if i ą 0

p´1qnt2sn if i “ 0

https://www.math.univ-paris13.fr/~vallette/GdT/Cyclic%20Homology%20-%20Loday.pdf
https://www.math.univ-paris13.fr/~vallette/GdT/Cyclic%20Homology%20-%20Loday.pdf
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We then form the double complex on Cn “ Mn

...
...

...

¨ ¨ ¨ C2 C2 C2 ¨ ¨ ¨

¨ ¨ ¨ C1 C1 C1 ¨ ¨ ¨

¨ ¨ ¨ C0 C0 C0 ¨ ¨ ¨

´1 0 1

b ´b1

N 1´t

N 1´t

N 1´t

where b “
řn
i“0p´1qidi, b1 “

řn´1
i“0 p´1qidi, N “ 1 ` t ` ¨ ¨ ¨ ` tn and B “ p1 ´ tqsnN where

s “ p´1qntsn.

Definition 7.2.15. (Loday) The negative cyclic, periodic cyclic and cyclic chain complexes

CC´
Ñ CP ↠ CC

are the total complexes of the ď 1, all of, and ě 0 parts of the above double complex.

7.2.16. Example. Let C be any (small) dg category. We set

Mk “
à

f0,...,fkPObpCq

Hompf0, fkq b Hompfk, fk´1q b ¨ ¨ ¨ b Hompf1, f0q

where di composes the i, i ´ 1st maps, and

tpf0 b ¨ ¨ ¨ b fkq “ p´1q
k
pfk b f0 b ¨ ¨ ¨ b fk´1q.

https://arxiv.org/pdf/1211.7360

https://arxiv.org/pdf/1211.7360
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8. Hall algebras of various sorts

We define Hall algebras of various sorts and their DT invariants. The analogy is:

Algebra Uℏpgq Lie algebra g elements eα P g g is finite, g is affine (over C,Cˆ,E), . . .
Hall algebra BPS Lie algebra DT invariants which quantisation we apply

This analogy is more or less precise with finite and cohomological Hall algebras.

There is another picture due to [GGL], to do with categorification, formed by taking K0p´q (conjec-
turally, I have not checked the left column):

Category EUV “ Uℏpgq-Mod Object UqpgqV “
d
µ Uqpgqµ Category EIR “ VectΛq functor EUV Ñ EIR

Motivic Hall algebra ElementAHallV “
d
ℓAℓ Quantum torus T Integration map

Finally, there is another categorification picture, formed by taking HP‚p´q (orK0 or FunFqpMp´qq

to get KHA or finite Hall algebras):

CY3 Category C Another CY3 category CT acting on C?
Cohomological Hall algebra torus CoHA?

Uqppbq Uqpptq?

8.1. Motivic Hall algebras.

8.1.1. We first consider the zero potential version, due to Joyce. LetA be an abelian category of finite
global dimension over algebraically closed field k such that

dimExtnpa, a1
q ă 8

are all finite dimensional vector spaces over k.

Theorem8.1.2. https://arxiv.org/pdf/math/0503029 There is an associative product structure onKpStk{MAq

given in terms of

SES

MA ˆ MA MA

pq

by ‹ “ q˚p˚.

Proof Sketch. The assumption onA ensures that p is of finite type, since the fibres over a point pa, a1q

are given by the vector bundle stack Ext‚´1pa, a1q, which is a finite type derived stack if the above
condition onA holds. The product is associative by applying base change to the composition

https://arxiv.org/pdf/math/0503029
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SES3

l SES

MA ˆ MA ˆ MA MA ˆ MA MA

pq

which is the same for both l P tSES ˆ MA,MA ˆ SESu. l

Note that for delta functions νa corresponding to maps a : pt Ñ MA, we have that

νa ‹ νa1 “ rExt‚´1
pa, a1

qs

asExt‚´1pa, a1q “ SESˆMAˆMA
tpa, a1qu, with themap toMA inducedby themapof stacksExt1pa, a1q Ñ

MA sending a class to its associated extension.

8.1.3. Kontsevich–Soibelman’s formalism. Kontsevich–Soibelman [KS08, §6] consider the setting of ind-
constructible categories.

Definition 8.1.4. [KS08, §3] An ind-constructible category C is one for which:

‚ its object set ObpCq is a countable union of k-points of locally closed subschemes of a k-variety,

‚ its morphism set MorpCq is the k-points of a complex of finite dimensional vector bundles
pMornpCqq over ObpCq ˆ ObpCq,

‚ MornpCq vanishes on each connected component of ObpCq ˆ ObpCq for n ! 0.

Kontsevich–Soibelman also define the notion ofA8 structure on an ind-constructible category, and
prove [KS08, Prop. 10] that KpStk{MCq has an associative product, defined similarly to the above,
except that they compute rExt‚´1pa, a1qs explicitly in terms of rExt1pa, aqs and L, then make that their
definition.

8.1.5. Critical version? As far as I am aware there is no version of KpStk{MAq in the case whereMA is
a critical locus.

8.2. Finite Hall algebras.

8.2.1. Finite Hall algebras have been defined by Ringel and Green for any abelian categoryA defined
over Fq such that

dimpExtnpa, a1
qq ă 8,

or equivalently all Fq-vector spaces Extnpa, a1q are all finite sets. Morally we would now like to take
SFpXFqq, except that I do not know a good definition of this that recovers the below. Instead, we define

HqpAq “
à

aPπ0pObpAqq

Cras
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which has the same functoriality properties of KpStk{Xq for complex stacks. It is called the finite Hall
bialgebra in view of the following Theorem due to Ringel and Green.

Theorem 8.2.2. [Sc06, §1] HqpAq carries an associative product ‹ “ p˚q
˚ and (graded-completed) coas-

sociative coproduct∆ “ q˚p
˚, which form a bialgebra inside the category

VectΛq

of vector spaces graded by Λ “ K0pAq, and with braiding given by symmetrised multiplicative Euler form
βpa, a1q “ xa, a1y ¨ xa1, ay.

Proof Sketch. Explicitly, as ras is the function which takes value 1{|Autpaq| on the Fq-point a and zero
elsewhere, we have

Autpaqras ¨ Autpa1
qra1

s “ p˚

ÿ

aÑeÑa1

#Fqpq´1
pa, a1

qq ¨ ra Ñ e Ñ e1
s

“ p˚

ÿ

aÑeÑa1

l

i

qp´1qi#Exti´1pa,a1q

loooooooooomoooooooooon

xa,a1y

¨ra Ñ e Ñ e1
s

“ xa, a1
y

ÿ

aÑeÑa1

res.

The coproduct

∆pAutpeqresq “ q˚

ÿ

aÑeÑa1

#Fqpp´1
peqq ¨ ra Ñ e Ñ a1

s

“
ÿ

aÑeÑa1

xa, a1
yras b ra1

s

is only valued in a completionHqpAq pbHqpAq since a priori there are infinitelymanypairs of elements
a, a1 which e is an extension of.

l

8.2.3. Example. ForA “ Vect, we have that

HqpVectq “ CrS0
s ‘ CrSs ‘ CrS‘2

s ‘ ¨ ¨ ¨

where S is the one-dimensional vector space, with HompS, Sq “ Fq so that xS, Sy “ q. Therefore,

rS‘n
s ¨ rS‘m

s “ qnm#FqpGrpn, n ` mqqrS‘n`m
s,

∆rS‘n
s “

ÿ

n“n1`n2

qn1n2#FqpGrpn1, nqqrS‘n1s b rS‘n2s

where the size of Grpk, nq can be easily computed as a quotient of GLpnq by a parabolic subgroup.

Lemma 8.2.4. rSs‹n “ qnpn´1qrS‘ns.
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8.2.5. Relation to quantum groups. Let us consider the abelian category

A “ RepnilQ

of representations ofQ such that any path of edges greater than some integerN " 0 is zero.

Let Q be any quiver without vertex self-loops and g be the Lie algebra on the Cartan matrix given
in terms of the adjacency matrix B of Q by A “ 2id ´ B ´ BT. Recall that Uqpnq is the associative
algebra generated by eα for α a node in the quiver, modulo the quantum Serre relations

1´aαβ
ÿ

k“0

p´1q
k

ˆ

1 ´ aαβ
k

˙

q

ekαeβe
1´aαβ´k
α “ 0

and with the coproduct
∆peαq “ eα b 1 ` 1 b eα.

This defines a bialgebra inside VectΛq , with braiding given by

Cλ b Cµ
qκpλ,µq

Ñ
„

Cλ b Cµ
„
Ñ Cµ b Cλ

where κ is the associated Killing form. We have the following bosonisation result:

Proposition 8.2.6. We have that

Uqpnq-ModpVectΛq q » Uqpbq-Mod

where Uqpbq » Uqpnq ¸ CrΛs has subalgebras generated by Uqpnq and grouplike invertible elements tKαu

labelled by vertices of the quiver, with modified coproduct

∆peαq “ eα b 1 ` Kα b eα.

Combining this with the following result allows us to obtain Uqpbq from finite Hall algebras:

Theorem 8.2.7. [Sc06, Thm. 3.16] There is an embedding of bialgebras

Uqpnq ãÑ HqpRepnilQq

eα ÞÑ rSαs

which is an isomorphism ifQ is of ADE type.

Proof. It is easy to see that∆prSαsq “ rSαs b 1 ` 1 b rSαs, so for this map of bialgebras in VectΛq to
be well-defined it remains to show that the quantum Serre relations are satisfied, i.e.

1´aαβ
ÿ

k“0

p´1q
k
rSαs

‹k
rSβsrSαs

‹p1´aαβ´kq
“ 0. (18)

It is enough to restrict to the case where the quiverQ has two vertices, α and β, with n arrows in one
direction andm in the other:
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ˆn

ˆm

α β

so that n ` m “ ´aij .

To do this, note that the left hand side of (18) is a linear combination over rEs for E a nilpotent
representation of dimension pn ` m ` 1qα ` β which admitting a two-step extension

E0 ãÑ E1 ãÑ E

with subquotients S‘k
α , Sβ, S

1`n`m´k
α . In other words,E0 “ S‘k

α , the representationE1 is

0

v1, . . . , vm
Ck C

and so the representationE is

p0, f1q, . . . , p0, fnq

pv1, 0q, . . . , pvm, 0q

Ck ‘ C1`n`m´k C

Let N be the joint kernel andM the joint image of those n and m arrows, respectively. Nilpotency
implies thatM Ď N ,9 and

rSαs
‹k

rSβsrSαs
‹ℓ

“ q´rn´ℓm`kℓ`kpk´1q`ℓpℓ´1q
ÿ

rEs

#Fq
`

GrpCℓ{M,N{Mq
˘

¨ rEs

“ q´rn´ℓm`kℓ`kpk´1q`ℓpℓ´1q
ÿ

rEs

qpN´ℓqpℓ´Mq

ˆ

N ´ M

ℓ ´ M

˙

q

¨ rEs

where we have conflated N,M with their dimensions. We finish as in [Sc06] by the following which
follows for any 1 ´ r ď d ď r ´ 1 with d “ r ´ 1 mod 2:

r
ÿ

n“0

p´1q
nq´dn

ˆ

r

n

˙

q

“ 0.

l

8.2.8. Question. Is there a cleverer way to prove the quantum Serre relations?

8.3. Cohomological Hall algebras.

9This is the first and only time we use nilpotency!
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8.3.1. Vanishing cycles approximate construction. LetX be a space lying within a category of spaces ad-
mitting a sheaf theory Shp´q with the six functors. Fix a functionW : X Ñ C.

Whereever it is defined, the nearby cycles endofunctor ψW on ShpXq is defined something like fol-
lows. Consider the universal cover ĂCˆ–this is the part which requires careful defining based on the
category of spaces we are working in–and take the pullback

X0 X Xˆ
rX

0 C Cˆ
ĂCˆ

i

W

j p

The nearby cycles functor is then defined as

ψW “ i˚i
˚j˚ p˚p

˚j˚
loomoon

monodromy

,

that is pull-pushing along rX Ñ X then along X0 Ñ X. The vanishing cycle functor φW is defined as
the cofibre of the counit map

i˚i
˚

Ñ ψW Ñ φW
`1
Ñ

All sheaves are clearly supported onW´1p0q “ X0.

8.3.2. Remark. Notice that if L is a local system on S1 with monodromy T : L Ñ L acting on the
fibre, we have that

H0
pUˆ,Lq “ LT , H1

pUˆ, Lq “ LT (19)

are monodromy invariants and coinvariants.

8.3.3. Example. We can use the above Remark to compute nearby and vanishing cycles when X “ C,
valued in the pushforward of a local systemLˆ onXˆ “ Cˆ given by monodromy T : L

„
Ñ L on the

fibre. In this case, p˚p
˚Lˆ is the local system with fibre and monodromy

T r1s :
à

nPZ
L

„
Ñ

à

nPZ
L.

In this case,

ψW j˚L
ˆ

“ H‚
pCˆ, p˚p

˚Lˆ
q “ L ‘ Lr´1s

i˚i
˚j˚L

ˆ
“ H‚

pCˆ,Lˆ
q “ LT ‘ LT r´1s.

Thus at least in degree zero L{LT–those germs at t which vanish upon parallel transporting to the
origin–includes into the degree zero part of vanishing cycles.

8.3.4. Question. What about in higher degrees?
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8.3.5. Example. In the case whereX is a complex manifold and we consider constructible sheaves, let
us examine the fibre of pψWFqx at a point:

pψWFqx “ lim
xPU

H‚
pp´1

pUˆ
q, p˚F|Xˆq.

We compute this as the pushforward along

p´1
pUˆ

q Ñ Uˆ
Ñ pt

Cˆ

t

Xt

We may pick Uˆ „ S1 contractible. We can use (19) to try to compute the cohomology of the con-
structible sheaf p˚p

˚F|Xˆ .

8.3.6. Example. If F “ CX is the constant sheaf the situation simplifies a lot. Note that since X is
a complex manifold, in a small enough contractible neighbourhood we may assume Xˆ Ñ Cˆ is a
fibre bundle, and so p˚p

˚F|Xˆ is the Gauss–Manin connection. The nearby cycles fibre can then be
computed using (19) and a spectral sequence argument.

Thus its H0 should be thought of as being a family of sections ft of F|Xt which have trivial mon-
odromy as t P X̊moves in a path lifting the loop in Cˆ. Its Hn should be thought of as a combination
of a family of monodromy-invariant sections of HnpF|Xtq and

Moreover,

Theorem 8.3.7. For Artin stacks over C, the vanishing cycles functor satisfies:

‚ If all critical values ofW are 0, it is supported over CritpW q

‚ there is a map f˚φW Ñ φf˚Wf
˚ and f!φf˚Wf

! Ñ φW for every map f : Y Ñ X,

‚ the vanishing cycle functor is Verdier self-dual: DφX “ φXD,

‚ (Thom–Sebastiani isomorphism) φW1‘W2 » φW1 b φW2 for a product X1 ˆ X2 with a direct
sum of two functionsW1 ‘ W2.
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8.3.8. We can now define the cohomological Hall algebra.

Theorem 8.3.9. IfA is a CY3 abelian category, whose moduli stack is a global critical locus, then

H‚
pMA, φW q

has an associative product ‹ “ p˚q
˚.

Proof. l

Question 8.3.10. Compute the CoHA of C “ Vect.

8.3.11. Let C be a CY3 category. We can form the following (at least locally, i.e. for C » MFpD,W q).

C

H‚

critpMCq K‚

critpMCq

FunpMCpFqqq KpcritqpStk{MCq
HP

K0

ch

?
f˚OYf!1Y

(20)

We first note that under conditions on C, the maps (20) send C to the denoted vector spaces:

‚ Theorem 1.1 https://arxiv.org/pdf/1212.2859 If Y is a smooth and quasiprojective scheme
over k “ C, then

HP‚pMFpY,W qq » H‚´1
pY, φWCY q.

‚ Theorem 8.2.6 https://arxiv.org/pdf/1101.5834 The Hochschild cohomology of MFpY,W q is
equivalent to the vanishing cycle chainsRΓpΩ‚

Y ppβqq, β ¨ ´dW ^ p´qq.

‚ [BBDJS] Étale-locally on a critical chartMC|U » CritpW q Ă Y, the perverse sheaf PMC
com-

puting critical cohomology restricts to φWQYrdimY ´ 1s (up to an orientation twist), so

H‚

critpMC|Uq » H‚
pY, φWQYqrdimY ´ 1s.

https://arxiv.org/pdf/1212.2859
https://arxiv.org/pdf/1101.5834
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9. Stability conditions

9.1. Toymodel: vector bundles on P1.

9.1.1. We nnte the Theorem, working over the complex numbers:

Theorem 9.1.2. Every finite dimensional vector bundle over P1 is isomorphic to

Opn1q ‘ ¨ ¨ ¨ ‘ Opnkq

for some unique tuple of integers n1, . . . , nk , whereOpnq “ Op1qbn. Every coherent sheaf is uniquely of the
form

Opn1q ‘ ¨ ¨ ¨ ‘ Opnkq ‘ Cpm1q,z1 ‘ ¨ ¨ ¨ ‘ Cpmℓq,zℓ

where Cpmq,z is the orderm skyscraper sheaf at point z P P1.

Proof. Follows from the Jordan normal form of complex matrices. l

Question 9.1.3. How do we count the number of sheaves on P1? For a general varietyX , how do we
get as close to decomposing a coherent sheaf into summands as in the P1 case?

To begin with, note that we have extensions

0 Ñ Cpmq,z Ñ Cpm`m1q,z Ñ Cpm1q,z Ñ 0

0 Ñ Cpmq,z Ñ Opn ` mq Ñ Opnq Ñ 0

which gives that the Grothendieck group has rank two generated by rOp1qs and rCp1q,zs for any point
z P P1.

0

Cp1q,z

Cp1q,zr1s

Cp2q,z

Op1q

Op2q

O O‘2

Op´1q

Op2qr1s

Or1s

with the cone of classes in CohpP1q Ď DbpCohpP1qq shaded.

9.2. Stability conditions.



TOPICS IN GEOMETRIC REPRESENTATION THEORY AND ENUMERATIVE GEOMETRY 95

9.2.1. We have the following definition due to Bridgeland:

Definition 9.2.2. [Br02; KS08] A stability condition Z on a triangulated category D is a “central
charge” homomorphism Z : K0pDq Ñ C, and a collection of full additive subcategories Ppϕq Ď D

for each ϕ P R (called slicings) such that:

(1) for each objectA P Ppϕq, ZpAq “ eiπϕmpAq formpAq P Rě0,

(2) Ppϕ ` 1q “ Ppϕqr1s,

(3) if ϕ1 ą ϕ2 andAi P Ppϕiq then HomDpA1, A2q “ 0,

(4) for each objectE P D there is a finite sequence of real numbers

ϕ1 ą ϕ2 ą ¨ ¨ ¨ ą ϕn

and a collection of triangles

0 E1 E2 ¨ ¨ ¨ En “ E

A1 A2 ¨ ¨ ¨ An
`1 `1 `1 `1

with subquotientsAi P Ppϕiq for each i (we may assume it is unique up to isomorphism).

Writeϕ´
P pAq ď ϕ`

P pAq for theminimum andmaximum angles appearing in the above decomposition.

An objectE is semistable if every nonzero subobjectA Ď E has ϕpAq ď ϕpEq.

We write Ppa, bq for the quasiabelian subcategory generated by Ppϕq for ϕ P pa, bq. A quasiabelian
category is an additive category with kernels and cokernels such that every pullback of a strict epimor-
phism is a strict epimorphism, and every pushout of a strictmonomorphism is a strictmonomorphism.

A slicing is locally finite if there is a fixed real number so that each quasiabelian categoryPpt´ η, t`

ηq Ď D is of finite length. include?

Corollary 9.2.3. For any ϕ P R and any E P D there is a distinguished triangle

Aąϕ E

Bďϕ

`1

where Aąϕ P Pp8, ϕq andBďϕ P Pp´8, ϕs.

Lemma 9.2.4. If I is an interval of length ă 1 and

A E

B
`1

is a triangle inD whose vertices are in PpIq. Then ϕ`pAq ď ϕ`pEq and ϕ´pEq ě ϕ´pBq.
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Lemma 9.2.5. Ppą tq,Ppď tq forms a t-structure onD.

As an example, you should compute:

Question 9.2.6. Compute the space of stability conditions for CohpP1q.

Question 9.2.7. What about representations for theA2 quiverQ?

We now prove a result about the space of stability conditions

HompKnum0 pDq,Cq

StabpDq

F

Theorem 9.2.8. [Br02] There is a natural topology on the set StabpDq. If the numerical Grothendieck group
is of finite rank, each connected component StabΣpDq Ď StabpDq has the structure of a complex manifold,
such that the forgetful map

StabΣpDq Ñ HomZpKnum0 pDq,Cq

pZ,Pq ÞÑ Z

is etale (a local homeomorphism) onto a linear subspace V pΣq Ď HomZpKnum0 pDq,Cq.

Proof as in [Br02], assuming K0pDq is finite rank. We define the minimal topology so that

F : StabpDq Ñ HomZpK0pDq,Cq

and the angle functions

ϕ˘
pAq : StabpDq Ñ C pZ,Pq ÞÑ ϕ˘

P pAq

are coninuous, i.e. induce the topology via the embedding StabpDq Ď SlicingpDq ˆHomZpK0pDq,Cq

where the set of slices has topology induced by the angle functions above.10

Local injectivity.

To begin, F is locally injective: if σ “ pZ,Pq, τ “ pZ,Qq are stability conditions with the same
central charge and

|ϕ˘
P pAq ´ ϕ˘

Q pAq| ď d ă 1

10For infinite rank K0pDq, we need to decide which topology on HomZpK0pDq,Cq to use.
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then σ “ τ . Indeed, assume thatE P Ppϕq (so that ϕ˘
P pEq “ ϕ) lies outside of Qpϕq (so that ϕ˘

Q pEq P

pϕ´1, ϕ`1q by the above assumption, which impliesE is notQ-semistable by charge considerations).

Thus we can decompose

Apϕ,ϕ`1q E

Bpϕ´1,ϕs

`1

with both factors nonzero, where Apϕ,ϕ`1q P Qpϕ, ϕ ` 1q and Bpϕ´1,ϕs P Qpϕ ´ 1, ϕs. Note that
Apϕ,ϕ`1q R Pr´8, ϕs by a similar argument, which implies that we have

Cpϕ,ϕ`1q Apϕ,ϕ`1q

D
`1

where now C P Ppψq Ď Ppϕ, ϕ ` 1q and the map to A is nonzero. This gives a map C Ñ E

which is zero by (2), and so factors to a map C Ñ Br´1s, which is zero, so the map C Ñ A is zero,
contradicting.

Local surjectivity.

Proposition 9.2.9. Suppose thatA is an abelian category with a function Z : K0pAq Ñ C with the chain
condition: there is no infinite decreasing sequence of subobjects or kernels:

¨ ¨ ¨ Ď E2 Ď E1, E1 ↠ E2 ↠ ¨ ¨ ¨

with ¨ ¨ ¨ ą ϕpE2q ą ϕpE1q and ϕpE1q ą ϕpE2q ą ¨ ¨ ¨ respectively. ThenA has the Harder–Narasimhan
property.

Proof. Left as an exercise. l

Lemma 9.2.10. (Gluing Lemma) Assume that

(1) for each interval I of length ă 1, PpIq is quasiabelian and strict short exact sequences in PpIq are
equivalent to distinguished triangles inD whose elemensts lie in PpIq

(2) for each interval I of length ă 1 ´ 2ϵ,W |PpIq takes value in some upper-half plane (so that ϕW is
defined), and PpIq has the chain property for ϕW .

Then
Qpϕq “ x0, E P Ppϕ ´ ϵ, ϕ ` ϵq : E isW -semistable of phase ϕy

defines a stability condition forW (note that ϕW is defined onPpϕ´ϵ, ϕ`ϵq as the interval has lengthă 1).

Proof.
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0 Well-definedness. [Br02, Lem. 7.5] Next, we say that for thin subcategoryA “ Ppa, bq, an object
E P A is enveloped byA if a ` ϵ ď ψpEq ď b ´ ϵ. This thus generalisesW -semistability. We
show that this is a property of the object and not the thin subcategory:

Lemma 9.2.11. LetE P D be enveloped by thin subcategoriesB,C Ď D. ThenE isW -semistable
inB if and only if it isW -semistable in C.

Proof. We can take a fixed B, for instance B “ PpψpEq ´ ϵ, ψpEq ` ϵq in which E isW -
semistable by the above Lemma. This reduces us to the case B Ď C or by symmetry to B “

Ppa, bq and C “ Ppa, cq.

Of courseW -semistability in C impliesW -semistability inB, so it remains to prove the con-
verse. Assume thatE is unstable in C:

0 Ñ A Ñ E Ñ B Ñ 0

where ψpAq ą ψpEq ą ψpBq. Then ϕ`pAq ď ϕ`pEq, which implies that A P B since
E P B. By a longer argument,B P B also. l

(1) W pEq “ mpEq ¨ eiπϕ for anyE P Qpϕq by definition

(2) Shift condition. Qpϕ ` 1q “ Qpϕqr1s asW pEr1sq “ ´W pEq and Ppϕ ` 1 ´ ϵ, ϕ ` 1 ` ϵq “

Ppϕ ´ ϵ, ϕ ` ϵqr1s.

(3) Hom-vanishing. [Br02, Lem. 7.6] Assume that there is a nonzero map f : E1 Ñ E2 with
Ei P Qpϕiq with ϕ1 ą ϕ2. We first prove

Lemma 9.2.12. If E isW -semistable in some thinA Ď D, then E P PpψpEq ´ ϵ, ψpEq ` ϵq.

Proof. For any exact sequence Aϕ Ñ E Ñ Bąϕ we have ψpAq ď ψpEq byW -semistability,
therefore ϕ “ ψ`

P pEq ă ψpEq ` ϵ. Likewise for ψ´
P pEq. l

Therefore it follows thatψ1 ´ψ2 ă 2ϵ, and we considerA “ Pp
ψ1`ψ2

2
´ 1

2
, ψ1`ψ2

2
` 1

2
s which

containsE1, E2. Consider the short exact sequences inA:

0 Ñ ker f Ñ E1 Ñ imf Ñ 0, 0 Ñ imf Ñ E2 Ñ cokerf Ñ 0.

continue... therefore ψ1 ď ψpimfq ď ψ2

(4) Harder–Narasimhan condition. [Br02, Lem. 7.7] LetE P D. First we show that for any t P R we
can split it into

AQpątq E

BQpďtq

`1

so that Qpą tq forms a t-structure. This is obvious whenE P Ppě t` ϵq,Ppď t´ ϵq because
these are contained inQpą tq,Qpď tq, so enough to considerE P Ppt´ϵ, t`ϵq, which follows
from the following Lemma.
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Lemma 9.2.13. LetA “ Ppa, bq Ď D be a thin category of finite length. Then every nonzero object
inPpa`2ϵ, b´4ϵq has a finiteW -HN filtrations whose factorsa areW -semistable objects enveloped
byA.

One can then use thatE P Ppϕ´
P pEq, ϕ`

P pEqq “ PpA,Bq, and so we can repeatedly apply the
t-structure to get

0 AQpąt1q ¨ ¨ ¨ AQpątn´1q E

BQpďt1q BQpďt2q ¨ ¨ ¨ BQpďtn´1q

`1 `1 `1 `1

where we pick tt0, t1, . . . , tnuwhose convex hull covers pA,Bq and the differences are smaller
than those in the above Lemma. Then eachAi, Bi above has an HN filtration, which we com-
bine with the above to induce an HN filtration onE.

l

Old proof either keep, delete or merge

Finally, we show local surjectivity: if σ “ pZ,Pq is a (locally finite) stability condition and δ ą 0

then F´1pBδpZqq X Bˆ
ϵ pσqpl.f.q ‰ ∅ for every ϵ ă δ.

Thus, let |W ´ Z| ă δ. Our task is to define a stability condition τ “ pW,Qq with

|ϕ˘
P pEq ´ ϕ˘

Q pEq| ă ϵ ¨ |ϕ˘
P pEq|

for everyE P D. For any objectE P Ppa, bq we write

ϕpEq “ argZpEq P pa, bq, ψpEq “ argW pEq P pa ´ ϵ, b ` ϵq

which iswell-defined for 0 ă b´a ă 1´2ϵ. We call such a categoryPpa, bq Ď D thin. We call objects
E in a thin category AW -semistable (in A) if they are semistable with respect toW (ψpAq ď ψpEq

for every nonzero subobject A Ď E); note that we need to be working in a thin subcategory for the
W -phase ψpEq to be well-defined.

Lemma 9.2.14. If E isW -semistable in some thinA Ď D, then E P PpψpEq ´ ϵ, ψpEq ` ϵq.

Proof. For any exact sequenceAϕ Ñ E Ñ Bąϕ we haveψpAq ď ψpEq byW -semistability, therefore
ϕ “ ψ`

P pEq ă ψpEq ` ϵ. Likewise for ψ´
P pEq. l

Next, we say that for thin subcategory A “ Ppa, bq, an object E P A is enveloped by A if a ` ϵ ď

ψpEq ď b ´ ϵ. This thus generalisesW -semistability. We show that this is a property of the object
and not the thin subcategory:

Lemma 9.2.15. Let E P D be enveloped by thin subcategoriesB,C Ď D. Then E isW -semistable inB if
and only if it isW -semistable in C.
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Proof. We can take a fixedB, for instanceB “ PpψpEq´ ϵ, ψpEq` ϵq in whichE isW -semistable by
the above Lemma. This reduces us to the caseB Ď C or by symmetry toB “ Ppa, bq andC “ Ppa, cq.

Of courseW -semistability in C impliesW -semistability in B, so it remains to prove the converse.
Assume thatE is unstable in C:

0 Ñ A Ñ E Ñ B Ñ 0

where ψpAq ą ψpEq ą ψpBq. Then ϕ`pAq ď ϕ`pEq, which implies that A P B since E P B. By a
longer argument,B P B also. l

Let

Qpψq :“ x0, E isW -semistable of phase ψ in a thin enveloping subcategory Ppa, bqy

which defines a stability condition because:

‚ If E P Qpψ1q and F P Qpψ2q with ψ1 ą ψ2 then HomDpE,F q “ 0. To show this,

‚ Existence of HN filtrations: ifA “ Ppa, bq Ď D is thin of finite length, then every nonzero object in
Ppa ` 2ϵ, b ´ 4ϵq has an HN filtration byW -semistable objects ofA enveloped byA.

l
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10. Wall-crossing structures

10.1. What is a wall-crossing structure?

10.1.1. Let Γ be a finitely generated free abelian group and g “
À

γPΓ gγ a Γ-graded Lie algebra.
The space of walls are the real hyperplanes of the form γK.

Γ˚
R

γK

We will later drop this assumption, but for now assume that g is nilpotent, i.e. tγ : gγ ‰ 0u is finite
and lives in a half-space in ΓR .

Definition 10.1.2. Awall-crossing structure is a collection

Γ˚
R

γK
1 “ γK

2 “ ¨ ¨ ¨

gC,C1

of elements gC,C1 P G “ exppgq for any pair of chambers, satisfying the cycle condition, and such that
if the chambers meet at a wallW ,

gC,C1 P exp

˜

à

γK“W

gγ

¸

.

Any point y P Γ˚
R induces a triangular decomposition

g “ gy´ ‘ gy0 ‘ gy`, G “ Gy
´G

y
0G

y
`

given by the decomposition Γ “ Γy´ ‘ γK ‘ Γy` by the sign of y.

10.1.3. We now define a wall-crossing sheaf WCSg whose total space looks like
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Γ˚
R|WCSg|

Its fibre at the origin isG and away from the walls is 1.

Definition 10.1.4. WCFg is the sheaf of sets on Γ˚
R whose value on a small contractible disk around

y P Γ˚
R is

y

WCFg,y :“ Gy
´zG{Gy

` » Gy
0

and restriction to a small disk off the wall is given by projection

y

y1 Gy
´zG{Gy

` ↠ Gy1

´zG{Gy1

`

or equivalently by the exponential of the projection map gy0 ↠ gy
1

0 killing off the relevant factors.

Theorem 10.1.5. [KS13] There are bijections

G » ΓpΓ˚
R,WCSgq » twall-crossing structuresu .

Proof. The first bijection, which takes a section to its fibre at the origin, is a bijectionbecauseΓpΓ˚
R,WCSgq »

ΓpD0,WCSgq :“ G forD0 a disk at the origin, where the first isomorphism follows asD0 » Γ˚
R are

homeomorphic as stratified manifolds, and this homeomorphism pulls back WCFg to itself.

For the second bijection, let s be a bijection andC,C1 two chambers. Pick a generic point y P CXC1,
and set

gC,C1 “ spyq P G0
y.
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Equivalently, this is the germ s|pCXC1q˝ of the section on the generic locus pCXC1q˝ of the intersection

ΓppC X C1
q

˝,WCFgq “ exp

˜

à

γ is different signs on C,C1

gγ

¸

.

Note that CXC1 is a wall if C,C1 meet at a wall. This satisfies the cocycle condition by considering the
value of the section at a generic point of C X C1 X C2: here we use that by the nilpotency assumption
there is a unique ordered factorisation

gC,C1 :“ g0y “ g0y1 ‘ ¨ ¨ ¨ ‘ g0yn

where y is a generic point in C X C1 and ty1, . . . , ynu is the intersection of any straight path from
C Ñ C1 with the walls.

Conversely, a wall-crossing structure determines an element gC,´C P G (note that C X p´Cq “ 0)
whose various projections give the other gC1,C2 . l

10.1.6. Remark. Let us now drop the nilpotency assumption. Nevertheless, for any proper half-plane
C Ď ΓR (i.e., its closure not containing a line),

gC “
l

γPC∖0

gγ, GC “ exppgCq

is a pronilpotent Lie algebra (e.g. ordered by somepositive linear functionϕ : C Ñ Rě0) andpronilpo-
tent group. Thus these are limits of nilpotent Lie algebras gpkq

C depending on ϕ, and therefore we can
define WCSpkq

g as above.

Definition 10.1.7. Thewall crossing sheaf is the subsheaf of the constant sheaf of sets on Γ˚
R

WCSg Ď
l

γPΓ∖0

gγ

whose fibre at y P Γ˚
R consists of elements tgpy, γq P gγu such that:

(1) gpy, γq “ 0 unless y P γK,

(2) (Local nilpotency) every point y has a neighourhood Uy on which the support

SuppgpUy,´q “ tγ P Γ : gpu, γq ‰ 0 for some u P Uyu Ď Cy,Uy

is contained in some proper Cy,Uy Ď ΓR is a proper cone,

(3) (A wall-crossing structure on each nilpotent piece) for each function ϕ P Γ˚
R defining a proper map

ϕ : Cy,Uy Ñ Rě0,

exp

˜

ÿ

γ

gp´, γq

¸

defines a section of WCSpkq
g on Uy .

In plain English, we consider the set of walls (which can now be infinite)
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Γ˚
R

y
γK

. . .

. . .

and ask that–even at accumulation points y of walls–the nearby walls are at least the images of some
proper coneCy Ď Γ. We then use the the set of walls it profinite–a limit of finite sets of walls–to define
the wall crossing sheaf in general.

The actual value on a small open disk Uy will be a limit

WCSgpUyq “ lim
kÑ8

WCSpkq
g pUyq “ lim

kÑ8
WCSgpkq,y1 ˆ ¨ ¨ ¨ ˆ WCSgpkq,ynk

where yi lie on the lowest strata of the intersection of Uy with the walls, and the multiplicands are
G

pkq,´
yi zGpkq{G

pkq,`
yi .

For instance, if walls γK
1 , γ

K
2 , . . . are the walls intersecingUy nontrivially, and nowalls intersect with

each other inside Uy , then

WCSgpUyq “ lim
kÑ8

l

|γi|ďk

exppC ¨ γiq
loooomoooon

G0
yi

is the product over all exppC ¨ γiq.

10.1.8. Example. Let gΓ “ CrΓs be the trivial infinite dimensional Lie algebra on the rank two lattice
Γ “ Zα ‘ Zβ (contrast this with e.g. g “ sl3). Then we have a wall γK Ď Γ˚

R » R2 for every root
γ “ nα ` nβ, it is the real line with slope n{m. We thus identify the walls with P1pQq:

Γ˚
R “ R2

We have a filtration on the walls, where walls of level ď k are those with n2 `m2 ď k. Every point y
is an accumulation point of infinity many walls, and the walls γK intersecting with any small disk Uy
avoiding the origin is obviously have γ contained in some proper cone.
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10.1.9. Relation to Bridgeland stability conditions. We have a map

f : S1
ˆ StabpCq Ñ Γ˚

R, pθ, pZ,Pqq ÞÑ Impe´iθZp´qq.

A section of f˚WCSg is called a global wall-crossing structure. The induced real codimension one walls
in StabpCq correspond to when Zpγq has argument θ for some γ P K0pCq.
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11. DT invariants, the integration map and the quantum torus

So far, for an abelian categoryAwe have themotivic Hall algebraHpAq, the wall-crossing sheafWCSg
for the torus Lie algebra

g “
à

γPΓ

C ¨ eγ, reγ, eγ1s “ p´1q
χpγ,γ1qχpγ, γ1

qeγ`γ1 ,

graded over Γ “ Knum0 pAq the numerical Grothendieck group.

Today we will put this together, defining a wall crossing structure (i.e. a section of WCSg) coming
fromHpAq. If C,C1 meet at a single wall γK with γ not a multiple of any other element, these will take
form

gpγq “ Ωpγq ¨ eγ P gγ

for a number Ωpγq P C which “counts semistable objects of class γ” called a motivic DT invariant. For
more general γ, gpγq “

´

ř

k|γ
Ωpγ{kq

k2

¯

¨ eγ .

We say what the DT invariant is. We will define some kind of generating series

AV “
ÿ

logZpγqPV

rMss
γ s

which depends on the choice of a stability condition τ “ pZ,Pq and a sector V (precise definition
given later). This takes values in some pronilpotent Lie algebraGV “ exppgV q, and has leading term
1 so takes the form

AV “ exp paV q

where aV P gV Ď g. A priori it is a sum
ř

γPV aγ ¨ eγ , and weMobius invert to write them in terms of
unique DT invariantsΩpγq:

AV “ exp

¨

˝

ÿ

γ

¨

˝

ÿ

k|γ

Ωpγ{kq

k2

˛

‚¨ eγ

˛

‚.

11.1. Why should this exist?

11.1.1. All invariants, quantum groups, etc. we have studied so far are meant to be able to be read off
from certain 4dQFTs. There is meant to be a flow on the space of QFTs,
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TG

TL
TL1

TT

The fixed points and maps between them should be thought of as analogous to either parabolic induc-
tion of reductive groups, or a flow in the space of Calabi–Yau threefolds or quivers with potential.

G

L

L1

T

‚ Ñ ‚ Ñ ‚

‚ Ñ ‚ ‚

‚ ‚ Ñ ‚

‚ ‚ ‚

We call QFTs higher upstream “ultraviolet” and lower down “infrared”, and we have maps of QFTs:

TUV

TUV |IR

TIR

11.2. Quantum tori.

11.2.1. Recall the quantum affine plane A2
q , generated by two elements x, y satisfying the relation

xy “ q2yx.
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If we write xα “ x, xβ “ y and
xα`β

“ q´1xy

then the relation becomes

xα ¨ xβ “ qxα`β, xβ ¨ xα “ q´1xα`β

where we package the exponential prefactor in terms of xα, βy “ 1 and xβ, αy “ ´1, a skew-
symmetric bilinear form onZα‘Zβ, andwe can view above ring of functions as generated by xnα`mβ

subject to the above relations. Writing q “ eℏ{2, the leading order term in

rxα, xβs “ pq ´ q´1
qxα`β

“ ℏxα`β
` Opℏ2q

defines a Poisson form with txα, xβu “ xα`β .

Definition 11.2.2. The quantum torus and Poisson torus for lattice Γ with antisymmetric form χ

is the algebra
RΓ “

à

αPΓ

ZrL˘1{2
s ¨ xα, gΓ “

à

αPΓ

Z ¨ eα

the first having associative product

xα ¨ xβ “ L
1
2
χpα,βqxα`β.

and the second having supercommutative product and Poisson form

eαeβ “ p´1q
χpα,βqeα`β, teα, eβu “ p´1q

χpα,βqχpα, βqeα`β.

In particular, gΓ is also a Lie algebra.

11.2.3. Remark. In our example,χ is the antisymmetrisedEuler formonΓ the numericalGrothendieck
group.

11.2.4. Categorification. Let T be a torus with character lattice Γ, so that we have

K0pRepT q “
à

αPΓ

Z ¨ rCαs.

Ifwe endowRepT with the ordinarymonoidal structureCαbCβ “ Cα`β , thismakes theGrothendieck
group into a commutative algebra corresponding to χ “ 0.

To get the quantum torus, we consider T ˆ Cˆ
ℏ and

K0pRepT ˆ Cˆ
ℏ q “

à

αPΓ

ZrL˘
s ¨ rCαs.

where L is a weight one representation of Cˆ
ℏ , and take the monoidal structure

Cα b Cβ “ Lχpα,βqCα`β.

This is a slightly unnatural way to get the quantum torus: in examples to do with cohomological Hall
algebras, the antisymmetrisation has to do with shifts by cohomological degree, and t´,´u is induced
by the classical Yang–Baxter matrix.
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11.3. DT invariants.

11.3.1. Let C be a triangulated category with a homomorphism

ch : pK0pCq, χq Ñ pΓ, x´,´yq

where Γ is a free finite rank lattice. From now on we will consider Bridgeland stability conditions
τ “ pZ,Pq P StabpCq with the support property: that there is a norm on ΓR such that

}chpEq} ď C|ZpEq|

for allE P Css, and C ą 0 a universal constant.

11.3.2. Fix a stability condition τ , and the image of Z : K0pCq Ñ C:

StabpCq

τ “ pZ,Pq
C

Zpαq

Zpβq

Zpα ` βq
Zpγq

(The lines will be the positive rays along Zpγq with nonzero DT invariant Ωpγq ‰ 0.)

V Ď C

Zpαq

Zpβq

Zpα ` βq
Zpγq

For any strict sector V (i.e. of angle strictly less than 180), we let

CV “ x0, E : E P Css, ϕE P V y “ PplogpV qq

be the subcategory generated by semistable objects with logpZpEqq P V . We likewise define the
associative algebraRV Ď RΓ and Poisson algebra gΓ Ď gΓ, and the moduli stackMV Ď MC given by
the union of components γ P Knum0 pCq “ π0pMCq containing an element in CV .

In what follows, we will assume that C has countably many objects so that rMCs is a sum over

Definition 11.3.3. The Hall generating series is

AZ,V “ rMCV
s “

ÿ

cPObpCV q

rpt{Autpcq c
Ñ MCs P HpCV q

^
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where we take degree completion in Γ.

Loosely speaking, it is a formal sum of the stacky points inMC corresponding to objects inCV . From
the following, it decomposes into an ordered product

Proposition 11.3.4. We have that

AV “

ñl

ϕPV

Aϕ.

Proof sketch. As every object in Css
ϕ “ Ppϕq is semistable of slope ϕ,Aϕ “ 1 `

ř

argpZpγqq“ϕrMss
γ s.

By the Harder–Narasimhan filtration, every object uniquely factors into an n-step extension of
semistable objects with slope ϕ1 ą ¨ ¨ ¨ ą ϕn for some n. Letting MV pϕ1, . . . , ϕnq be the substack
of objects with this property, it fits into sequence

MV pϕ1, . . . , ϕnq n-SES

Mss
ϕ1

ˆ ¨ ¨ ¨ ˆ Mss
ϕn

M ˆ ¨ ¨ ¨ ˆ M MV pϕ1, . . . , ϕnq

where the last step is a pullback. In other words,

rMV pϕ1, . . . , ϕnqs “ rMss
ϕ1

s ˆ ¨ ¨ ¨ ˆ rMss
ϕns

inHpCV q, where on the rightwe take theHall product; note that the product is 0unlessϕ1 ą ¨ ¨ ¨ ą ϕn.

Moreover, as rMV s is a sum over rMV pϕ1, . . . , ϕnqs, we have that

AV “ rMV s “
ÿ

ně0

ÿ

ϕ1ą¨¨¨ąϕn

rMss
ϕ1

s ˆ ¨ ¨ ¨ ˆ rMss
ϕns “

ñl

ϕPV

p1 ` rMss
ϕsq “

ñl

ϕPV

Aϕ.

l

Corollary 11.3.5. If V1, V2 are disjoint sectors with V1 ą V2, then

AV1\V2 “ AV1 ¨ AV2 .

This thus lets us define the (Hall) DT invariantsΩpγq P C for each γ P Γ by

AV “ exp

¨

˝

ÿ

ZpγqPV

¨

˝

ÿ

k|γ

Ωpγ{kq

k2

˛

‚¨ eγ

˛

‚.

This formula is independent of V , indeed it is enough that for each phase ϕ we have

Aϕ “ exp

¨

˝

ÿ

ZpγqPRě0eiπϕ

¨

˝

ÿ

k|γ

Ωpγ{kq

k2

˛

‚¨ eγ

˛

‚.

What about if γ, γ1 both have phase ϕ?
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Conjecture 11.3.6. In the quiver with potential case, the DT invariants are integers.

11.4. Wall-crossing. We now vary the stability condition Z .

Theorem 11.4.1. The above induces symmetric stability data amotpγq, aHallpγq [KS08, p.24] on the graded
Lie algebra g “ gΓ “

À

γPΓR ¨ eγ » HpCq,R, by taking logarithms

Aℓ “ exp

¨

˝

ÿ

ZpγqPℓ,Qpγqě0, γ‰0

apγq

˛

‚

and DT invariants Ωmotpγq,ΩHallpγq by Mobius inversion apγq “ ´
ř

ně1
Ωpγ{nq

n2 eγ . This satisfies the
wall-crossing formula as Z varies over a wall of the first kind:

Rą0Zpγ1q “ Rą0Zpγ2q

Walls of the first kind

Z0

Z1

Zt

i.e. for any ray ℓt “ Rą0Ztpµq for some µ,
ñl

γPΓprim, ZtpγqPℓt

expp
ÿ

ně1

a´
t pnγqq “

ñl

γPΓprim, ZtpγqPℓt

expp
ÿ

ně1

a`
t pnγqq

where a˘
t is the limit from the left and right, where the order of the product depends on the argument of Zt˘ϵ.

11.5. Integration map.

11.5.1. The integration map is Poisson algebra homomorphism from a degeneration of the (motivic)
Hall algebra.

The numerical Grothendieck group
K0pCq{K0pCq

K

is the quotient by the submonoid generated by objects with Euler pairing χp´, cq “ 0. We let Γ Ď

K0pCq{K0pCqK be generated by elements in an abelian heart of C.

Theorem 11.5.2. (For C “ CohpXq) LetHregpCq Ď HpCq denote the subspace generated by rYs for Y a
variety. This is a subalgebra, and the quotient

HscpCq “ HregpCq{pL ´ 1qHregpCq

is a commutative algebra.
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Theorem11.5.3. For a locally constructible function λ : MC Ñ Z satisfying certain conditions write which,
there is a unique Poisson algebra homomorphism

ż

: HscpCq Ñ ZrΓs

Y ÞÑ χpY, f˚
pλqq ¨ xα

for any map Y Ñ MC that lands in a single connected component labelled by some α P Γ, and where
χpY, f˚pλqq “

ř

nPZ χpY, pfλq´1pnqq.

Definition 11.5.4. [KS08, p.95,101] Themotivic DT invariant is

AmotV “
ÿ

cPClog,V

wpcq

rAutpcqs
peclpcq P RV

where Clog,V is the category of extensions of semistable objects with central charge in V , and wpcq P

A “ MµpCq is the motivic weight [KS08, p.93].

Definition 11.5.5. [KS08, p.88] TheHall DT invariant is

AHallV “
ÿ

cPCV

1c P pHpCq

where the right side is the set of measures on C.

Theorem 11.5.6. [KS08, p.96] There is an “integration map" algebra homomorphism Φ : pHpCq Ñ R

sending AHallV to AmotV .

By [KS08, p.88,95] both satisfyAV1\V2 “ AV1AV2 for disjoint unions of sectors.

11.6. Examples.

11.6.1. Let C be the CY3 category generated by a single element c with

Ext‚
pc, cq » H‚

pS3
q.

Let us assume that c is semistable and V is a sector in which Zpcq lives. We identify

K0pCq “ Z ¨ rcs.

Therefore, CV “ Vect ¨ c. Note that c b Cn has group of automorphisms GLpnq, and therefore

AV “
ÿ

ně0

rMnrcs Ñ MCs “
ÿ

ně0
rGLpnqs

en¨rcs.

Note that this is identified with the quantum dilogarithm
ř

ně0
Ln

2{2

pLn{2´1q¨¨¨pLn{2´Lpn´1q{2q
enc.
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11.7. Tobe integrated into themainbody. Note thatgΓwith bracket reγ, eγ1s “ p´1qxγ,γ1yxγ, γ1yeγ`γ1

acts as symplectomorphisms of the torus TΓ “ SpecRxeγy{peγeγ1 “ p´1qxγ,γ1yeγ`γ1q. Note that x , y

needs to be skew-symmetric here!We defineGV “ exppgV q.

Theorem 11.7.1. [KS08, §8.3] For a quiver with generic potential pQ,W q, we consider a cluster collection
[KS08, p.129] of objects tEiu (e.g. Cδi ) and a sectorV containing allZpEiq. ThenEQ “ AHallV is independent
ofW , and for acyclicQ is an ordered product of dilogarithmsEpiq. Conjugation byEQ gives an automorphism
of (a double of) TQ, inducing the structure of a cluster variety.

Conjecture 11.7.2. (Proven in many cases by now) ΩHallpγq,Ωmotpγq are integers.

Theorem 11.7.3. [KS08, p.138] For a quiver with generic potential pQ,W q, as we move over walls of the
second kind (so thatDbpRepJpQ,W qq♡ undergoes a mutation of the quiver at vertex i),

ImZpγq “ 0

Walls of the second kind

Z0

Z1

Zt

the AHallV are related by conjugation by EQpδiq.

11.8. Example: theA2 quiver and the pentagon identity.

11.8.1. Let us consider the Hall algebra for theA2 quiver.
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use the "proposal for parabolic induction of cohas" document here somewhere
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